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KAWA LECTURE NOTES ON THE KAHLER-RICCI FLOW 


VALENTINO TOSATTI 


Abstract. These lecture notes provide an introduction to the study 
of the Kahler-Ricci flow on compact Kahler manifolds, and a detailed 
exposition of some recent developments. 
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1. Introduction 

The Ricci flow on a compact Kahler manifold X, starting at a Kahler 
metric ujq, preserves the Kahler condition in the sense that the evolved 
metrics are still Kahler. It is then customary to call this flow the Kahler- 
Ricci flow, and to write it as an evolution equation of Kahler forms as 

( 1 . 1 ) I 

[ w(0) = Wo- 

The theory of the Kahler-Ricci flow is rather well-developed, and the key 
feature is that the behavior of the flow deeply reflects the complex structure 
of the manifold X. 

In particular, there is a conjectural picture of the behavior of the Kahler- 
Ricci flow for any initial data (V, wq). Furthermore, as advocated by the 
work of Song-Tian |64l [65l [66l I62j . in the case when X is projective and 
the class [wq] is rational, the behavior is intimately related to the Minimal 
Model Program in algebraic geometry [43]. This is in stark contrast with 
the general Ricci flow on compact Riemannian manifolds, where formulating 
such a conjectural picture seems completely hopeless in (real) dimensions 
larger than 3. 

In these lecture notes we will explain this conjectural picture in detail, 
and prove several results which go some way towards achieving this picture. 
After reviewing some preliminary notions and setting up notation in Section 
O the first result that we consider is a cohomological characterization of the 
maximal existence time of the flow from [6l [85l [86] l74] , which we prove in 
Section O Next, in Section [4] we discuss finite time singularities, both volume 
noncollapsed and volume collapsed, in particular giving a characterization 
of the singularity formation set, due to Collins and the author [TOj. In 
Section [5] we study the case when the flow exists for all positive time, and we 
investigate the convergence properties at infinity, giving a detailed exposition 
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of the collapsing results proved in [Ml EH EH [HH |38l [83] . Lastly, in Section 
El we collect some well-known open problems on the Kahler-Ricci flow. 

There are already two excellent set of lecture notes on the Kahler-Ricci 
flow, by Song-Weinkove [68| and Weinkove [88] • While preparing these notes, 
I have benefitted greatly from these references, and in fact the exposition 
in Section [3| follows [68l [88] rather closely (I decided to keep this material 
here because many similar arguments are used in later sections). On the 
other hand, in Sections [H and El which form the bulk of these notes, I have 
decided to focus on rather recent results which are not contained in [Ml EH] . 

R is not possible to cover the complete theory of the Kahler-Ricci flow 
in a short set of lecture notes, so I had to make a selection of which mate¬ 
rial to present, based on my own limited knowledge, and many important 
results on the Kahler-Ricci flow are not covered here. In particular, noth¬ 
ing is said about the convergence properties of the normalized Kahler-Ricci 
flow on Fano manifolds, which is a vast research area by itself (see e.g. 
B EH and references therein). I also do not mention weak solutions of 
the Kahler-Ricci flow [Ml nans], the Kahler-Ricci flow for conical metrics 
PEH I58j . the Kahler-Ricci flow on noncompact Kahler manifolds [3 ED], 
or the Chern-Ricci flow [2711791 (801IHT] (a generalization of the Kahler-Ricci 
flow to possibly non-Kahler complex manifolds). Still, my hope is that these 
notes will somewhat complement |68l [88] by providing a view of some more 
recent developments in this field. 

Acknowledgments. These lecture notes are an expanded version of the 
mini-course “The Kahler-Ricci flow”, given by the author at the 6*^ KAWA 
Winter School on March 23-26, 2015 at the Centro De Giorgi of Scuola 
Normale Superiore in Pisa. The author is very grateful to M. Abate, J. 
Marzo, J. Raissy, P. Thomas and A. Zeriahi for the kind invitation to give 
a mini-course at KAWA, and to prepare these lecture notes. Many thanks 
also to M. Alexis, G. Edwards, B. Weinkove, X. Yang, Y. Zhang and to 
the referees for useful comments on a preliminary version. These notes were 
mostly written while the author was visiting the Yau Mathematical Sciences 
Center of Tsinghua University in Beijing, which he would like to thank for 
the hospitality. 


2. Preliminaries 

In these notes we assume that the reader is already familiar with the 
basic theory of compact Kahler manifolds, and we will not review all the 
necessary basic material. The reader can consult [MISI] for comprehensive 
introductions, or |68l 188] for a quick introduction which is tailored to the 
Kahler-Ricci flow. 

2.1. (1,1) classes and the Kahler cone. Let A” be a compact complex 
manifold, of complex dimension n. A closed real (1,1) form w on A is called 
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a Kahler metric if it is positive definite, in the sense that if we write 

n 

UJ = ^ Qfjdzi A dzj, 

*j=i 


in local holomorphic coordinates {zi} on X, then for each point x E X the 
n X n Hermitian matrix 

is positive definite. We will write w > 0, and we will say that X (or {X,uj)) 
is a Kahler manifold. 

In this case, io defines a cohomology class [w] inside 


H^'\X,R) 


{closed real (1,1) forms on X} 

v^55C°°(X,M) 


If a is a closed real (1,1) form on X we will write [a] for its class in 
i/i’i(X,M). 

Recall that when X admits a Kahler metric then the following (9cl-Lemma 
holds (see e.g. [30]): 


Lemma 2.1. Let X be a compact Kahler manifold, and a an exact real 
(1,1) form on X. Then there exists ip E C°°(X,M), unique up to addition 
of a constant, such that 

a = V^Xddif. 

Thanks to the cI9-Lemma, we can identify i?^’^(X, M) with the subspace 
of H‘^{X,R) of de Rham classes which have a representative which is a 
real (1,1) form. In particular, i?^’^(X, M) is a finite-dimensional real vector 
space. 

Then we define the Kahler cone of X to be 
Cx = {[«] € I there exists cu Kahler metric on X with [w] = [a]}. 

This is an open, convex cone inside fI^’^(X,M). Indeed Cx being a cone 
means that if we are given [a] E Cx and A E M>o then A [a] E Cx, which is 
obvious. The convexity of Cx follows immediately from the fact that if cui 
and 0 J 2 are Kahler metrics on X and 0 ^ A ^ 1, then Atui + (1 — X)uj 2 is also 
a Kahler metric. To show that Cx is open, we fix closed real (1,1) forms 
{ai,..., ccfc} on X such that {[ai],..., [a^]} is a basis of Given 

a Kahler class [a] E Cx we can write [a] = Yli=i some A* E M. 

Since [a] E Cx, there exists a function ip such that 

k 

AjCij + y/^Xddip > 0. 

i=l 

Since X is compact, it follows that 

k 

AjCtj -h V^ddip > 0, 

i=l 
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for all Aj sufficiently close to Aj (1 ^ z ^ /c), and so all (1,1) classes in a 
neighborhood of [a] contain a Kahler metric. 

Furthermore we have that Cx H {—Cx) = 0- Indeed if w is a Kahler 
metric on X and the class — [cu] is also Kahler, then there is a Kahler metric 
Lo = —io + '^—Iddip for some function ip, and so y/—lddp = w + a; > 0, 
everywhere on X. This is impossible, since x'—lddp ^ 0 at a maximum 
point of p. 

A class [a] G Cx is called nef. In other words, a nef class is a limit of 
Kahler classes. 

Lemma 2.2. Let {X,uj) he a compact Kahler manifold. Then a class [a] G 
H^’^{X,'R.) is nef if and only if for every e > 0 there exists pe £ M) 

such that 

( 2 . 1 ) a + y/^Xddpe > —£UJ. 

Proof. Condition (|2.ip is equivalent to [a + ecu] G Cx, for all e > 0, which 
certainly implies that [a] G Cx- Conversely, if [a] is nef then there is a 
sequence {/3j} of closed real (1,1) forms such that a + /3j > 0 for all i, and 
[jdi] —>■ 0 in M). As before we fix closed real (1,1) forms {ai,..., ak} 

on X such that {[ai],..., [«A:]} is a basis of H^’^{X, M), and for each i write 

k 

[A] ~ 

i=i 

with Xij G M. Since [/3j] — )> 0, and {[ai], ..., [ofc]} is a basis, we conclude 
that Ajj —>■ 0 as z —>■ oo, for each fixed j. If we let 

k 

Pi — ^ ^ ^ij Oj) 
i=i 

then the forms Pi converge smoothly to zero, as z ^ oo, and we can find 
functions pi such that Pi = Pi + y/—lddpi. For every e > 0 we choose z 
sufficiently large so that Pi < eoj on X, and so 

a + euj + y/^Xddpi > a + Pi + y/^Xddpi = a + /I* > 0, 

which proves (12.ip . □ 

Corollary 2.3. Let X be a compact Kahler manifold and two real (1,1) 
classes [a] G Cx and [P] G Cx- Then [a] + [/I] G Cx- 

Proof. We may suppose that /? > 0 is a Kahler metric, and so P > 2 £uj for 
some £ small enough. Since [a] is nef. Lemma 12.21 gives us a function p^ 
such that a + y/—lddpe > —£co, and so 

a + P + y/^Xddpe > ecu > 0. 


□ 
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A nef class [a] is called nef and big if 



o’" > 0. 


2.2. Ricci curvature and first Chern class. Given a Kahler metric oj = 
V—1 'Yl'i,j=i dijdziAdzj on X, we define the Christoffel symbols of the Chern 
connection of u to be 


r 


k 

ij 



which satisfy that because u is closed. Using these, we can define 

the covariant derivative V with the usual formulae (see e.g. [68] )• The 
Riemann curvature tensor Rm of a; is the tensor with components 


and we will also consider the tensor where we lower one index 


^ijki 

and a direct calculation gives 

^ijkl = -9k&i9ij + g^'^dkgiqd-^gpj. 

If r/ G are (1,0) tangent vectors, we define the bisectional curvature 

in the direction of to be 

The Ricci curvature tensor is defined to be 

p _ _ p_ ^kl 

and another direct calculation gives the crucial formula 
(2.2) R.j = -didjlogdet(5pg). 

The scalar curvature R is then defined to be 

R = g^Ri]- 

We define the Ricci form of cj to be 

n 

Ric(a;) = y/—l R{jdzi A dzj, 
ij=l 

which by (|2.2I1 is locally equal to —V—l551ogdet( gpg ). Therefore Ric(u') is 
a closed real (1,1) form. If w is another Kahler metric then 

Ric(a;) — Ric(£D) = ^/^ddlog 

det g 

where log is the globally defined smooth function which equals 

, det (gpg) 

det (gpg) 
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in any local holomorphic coordinate chart. If we use the Kahler volume 
element w”, then we also have that 


det g 

log —— = log ■ 


det g 


Ul’' 


Therefore the cohomology class 


[Ric(a;)] G 


is independent of ui, and we set 

ciiX) = ^[Ric(a;)], 
the first Chern class of X. Also, if we denote by 

Kx = X^iT^’^xy, 

the canonical bundle of X, then the first Chern class of Kx satisfies ci (Kx) = 
-ci(X). 

If n is a smooth positive volume form on X, then in local holomorphic 
coordinates we can write 


n = f{y—l)^dzi A dzi A • • • A dzn A dzn, 
where / is a smooth positive locally defined function, and we let 

Ric(n) = —^/Xl^^logf. 

It is easy to see that Ric(II) gives a well-defined global closed real (1,1) 
form, and that its cohomology class in H^’^{X,'M.) does not depend on the 
choice of Q. Taking II = cj"' for some Kahler metric ui, we immediately see 
that 

Ric(cj"') = Ric(w), 

and so [Ric(II)] = 27rci(A) for any smooth positive volume form II. Some¬ 
times we may also write Ric(II) = —^—188 logH. 

2.3. Some more notations. If a is a real (1, 1) form on X, and oj a Kahler 
metric, we will write 

tr^a = 

and it is easy to see that 

na A = (tr^a)a;"'. 

In particular, if / G C'°°(A, R), 

tr^(\/^95/) = g''^8i8jf = A/, 

where A is the complex Laplacian of the metric uj (if we want to emphasize 
the metric, we will also write A^^). At a maximum point of /, we have that 
y/Xl88f ^ 0, and so also A/ ^ 0. 

We also have 

tr^{VXl8f /\df) = g"^8if8jf = \8f\l, 
where g denotes the Hermitian metric defined by the Kahler metric uj. 
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Next, we define the norms on smooth functions (/c ^ 0), with respect 
to w, by 

\\f\\cHx.a)= E suplV^V'^/l^, 

where 

I= 5*^^ • • • ... v^/v^ • • • ... V,J. 

We only sum on p ^ g to avoid repetition of terms (since |V'?V^/|g = 
iV^V^/lg because / is real-valued). We will also abbreviate 

(2-3) E E 

p+q^k,0^p^q O^j^k 


Similarly we can define the norms on tensors (if the tensor is not real, 
we sum over all p, g ^ 0,p -|- g ^ A:). 

We will also briefly use Holder space g), where k £ N and 0 < 

a < 1. This is composed of functions / : X —?> M such that the norm 


ll/llc''-“(V,g) 


II^R/llcO(V,g) + sup 

T^k 


vif(x) - v£/(!<)I, 

d{x,yY 


is finite (we assume of course that / is sufficiently differentiable so that these 
derivatives make sense), where Vjr is the real covariant derivative of g, d{x, y) 
is the g'-distance between x,y £ X, and in the expression |Vg/(x)—Vg/(p)|g 
we are using parallel transport with respect to g to compare the values of 
these two tensors, which are at different points in X. 


2.4. Analytic subvarieties. We now quickly cover the basics about ana¬ 
lytic subvarieties of a compact complex manifold, see m p. 12-14] for more 
details. A closed subset H C A is called an analytic subvariety of X if 
for every point x £ V we can find an open neighborhood x £ U <Z X and 
holomorphic functions {/i, • • •, /v} on U such that 

Vr\U = {y£U\ /i(p) = ... = /^(y) = 0}. 

A point x £ V \s called regular, or smooth, if near x the subvariety V 
is a complex submanifold of A. A point which is not regular is called 
singular. The set of regular points is denoted by Weg and its complement 
by Vsing = V\Vreg- The singular locus Vsing is itself an analytic subvariety 
of A, and it is properly contained in H. A subvariety V is called irreducible 
if we cannot write V = W U V 2 where Vi , V2 are analytic subvarieties which 
are not equal to V. In this case, Weg is connected, and so it is is a complex 
submanifold of A of a well-defined dimension, which we call dim V. 

If V is not irreducible, then we can write V = W U • • • U Vw where the Vj 
are irreducible analytic subvarieties of A, called the irreducible components 
of V. In this case, we set dim!/ to be the maximum of dimV^-. With these 
definitions, we have that dimH = 0 if and only if H is a finite set of point. 
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A fundamental result of Lelong (see m p.32]) shows that if V is an 
irreducible analytic subvariety of X of dimension A: > 0, and a is a smooth 
real {k, k) form on A, then the integral 




a, 


is finite. Furthermore, for any smooth real (A — 1, A — 1) form /3 on A we 
have 


= 0 , 


'v 


see isni p.33]. Therefore if [a] is a real (1,1) class on A, we may unambigu¬ 
ously write 




Furthermore, if [a] G Cx, and we fix a Kahler metric w G [a], then 



kWo\{V,uj) > 0, 


see [301 P-31], where Vol(y,w) denotes the real 2A:-dimensional volume of 
Vreg with respect to cj (which is finite). Passing to the limit, we obtain 
that if [a] G Cx, and P C A is any irreducible positive-dimensional analytic 
subvariety, then 

Jv 

For a nef (1,1) class [a] G Cx we then define its null locus to be 
(2.4) Null(a) = IJ P, 

adim V =0 

where the union is over all irreducible positive-dimensional analytic subva¬ 
rieties P C A with = 0. The set Null(a) is in fact an analytic 

subvariety of A (in general not irreducible), as follows for example from [101 
Theorem 1.1]. We have that Null(a) = A if and only if = 0, and 

otherwise Nu11(q;) is a proper analytic subvariety of A. 


2.5. Kodaira dimension. Let A be a compact complex manifold. We 
consider the space of global pluricanonical forms, namely 




X 


where i ^ 1. If H^{X, A®^) = 0 for all £ ^ 1, then we say that the Kodaira 
dimension of A is —oo, and we write k(A) = —oo. If this is not the case, 
then we let 


k{X) = limsup 


logdimA0(A, A|^) 
log£ 
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It can be proved that either k{X) = —oo or otherwise 0 ^ k(X) ^ n, and 
in fact we have 

for some constant C > 0 and all i such that H^{X, K'^^) ^ 0 (see ISQl 
Corollary 2.1.38]). Furthermore, we have that k{X) = 0 if and only if 
dimFr‘^(X, ^ 1 for all ^ ^ 1, and it equals 1 for at least one value of i. 

Two compact complex manifolds X, Y are called bimeromorphic if we 
can find proper analytic subvarieties Vi C X,V 2 C Y and a biholomorphism 
$ : X\I/i — Y\V 2 . If two compact complex manifolds are bimeromorphic, 
then they have the same Kodaira dimension. 

A compact Kahler manifold is called uniruled if for every point x £ X 
there exists a rational curve x £ C G X, i.e. a non-constant holomorphic 
map / : CP^ —)• X with image C containing x. Uniruled manifolds have 
k{X) = —oo, and the converse is also conjectured to be true. 

2.6. Gromov-Hausdorff convergence. Let {X, dx), (Y, dy) be compact 
metric spaces. Given e > 0 we say that their Gromov-Hausdorff distance is 
less than or equal to £ if there are two maps F : X ^ Y and G : Y ^ X 
(not necessarily continuous) such that 

(2.5) \dx{xi,X2) - dy(F(xi),F(x2))| ^ e, 

for all xi,X 2 £ X, 

(2-6) |dy(yi,?/ 2 ) - dxiG{yi),G{y 2 ))\ ^ e, 

for all 2 / 1 , 2/2 G T, 

(2.7) dx{x,G{F{x))) ^ £, 
for all X G A, and 

(2.8) dY{y,F{G{y)))^e, 

for all 2/ £ Y. We then say that a family {Xt,dt),t £ [0,oo), of compact 
metric spaces converge to a compact metric space (T, dy) in the Gromov- 
Hausdorff topology if for all e > 0 there is T ^ 0 such that the Gromov- 
Hausdorff distance between {Xt,dt) and {Y^dy) is at most e for all t ^ T. 
We refer the reader to [56] for more about this notion. 

3. Maximal existence time 

3.1. The maximal existence time of the Kahler-Ricci flow. Let uj{t) 
be a solution of the Kahler-Ricci flow O) on a compact Kahler manifold 
X, with t £ [0,T),0 < T ^ oo. Taking the cohomology class of (jl.ip we see 
that 

^[a;(t)] = -[Ric(u;(t))] = -27rci(A), 
where the right-hand side is independent of t. It follows that 

[u;(t)] = [wo] - 27rtci(A), 
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and so 

[wo] - 27rtci(X) G Cx, 

for t G [0, r). The converse is the content of the following theorem proved 

in PligiMlEl]. 

Theorem 3.1. Let {X^,ujq) be a compact Kdhler manifold. Then the 
Kdhler-Ricci flow (mD has a unique smooth solution uj{t) defined on the 
maximal time interval [0,T),0 < T ^ oo, where T is given by 

(3.1) T = sup{t > 0 I [wo] — 27rtci{X) G Cx}- 

Here and in the rest of these notes, when we say that [0,T) is maximal 
we really mean forward maximal. It may be possible that the flow (jl.lj) has 
a solution also for some negative time, but this is in general not the case, 
and we will not discuss backwards solvability in these notes. 

This theorem has the following useful corollary. 

Corollary 3.2. Under the same assumptions as in Theorem, \S.1[ we have 
that T = oo if and only if —cflX) G Cx- 

Note that the condition —ci{X) G Cx is independent of the initial metric 
oiQ. It is equivalent to the fact that Kx is nef, and this is also sometimes 
stated by saying that X is a smooth minimal model. 

Proof. If —ci(X) G Cx then —27rtci(X) G Cx too, for all t ^ 0. Since 
[wo] G Cx, we conclude from Corollary 12.31 that [wq] — 27rtci(X) G Cx, and 
so T = oo thanks to Theorem EH 

If conversely T = oo, then for all t > 0 we have 

^[wo] - ci(X) = G Cx, 

and letting t —>■ oo we immediately obtain that —ci(X) G Cx- C 

3.2. Reduction to a parabolic complex Monge-Ampere equation. 

We now start the proof of Theorem 13.11 We set T = sup{t > 0 | [cuq] — 
27rtci(X) G Cx}- As we discussed earlier, it is clear that no solution of (jl.lji 
can exist for t ^ T, and so it is enough to show that (II. ip has a unique 
smooth solution defined on [0,T). Fix any 0 < T' < T (so in particular 
T' < oo). By definition we have that [cuo] — 27rT'ci(X) G Cx, so we can 
choose a Kahler metric r] in this class. We define 

(3.2) X = ^{h-^o), 

so X is a closed real (1,1) form cohomologous to — 27rci(X), and 

(3.3) Cjt = u:o + tx= ^{{T'-t)uQ + tri), 

which is a Kahler metric for all t G [0,T']. Fix Cl' any smooth positive 
volume form on X. Then Ric(H') is a closed real (1,1) form cohomologous 
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to 2ttci(X), and so there is a smooth function F such that x = —Ric(O') + 
y/^XddF. We then define 

n = 

which is a smooth positive volume form with 
(3.4) Ric(O) = -X. 


Lemma 3.3. A smooth family uj{t) of Kdhler metrics on [0, T') solves the 
Kdhler-Ricci flow dni) if and only if there is a smooth family of smooth 
functions ^p{t),t E [0,T') such that uj{t) = iwt + \/—lddip{t) and we have 


(3.5) 


5 , , 

^^(i) = log 


{(Wt + y/^dd(p{t)y 


Q 


ifiO) = 0 

_ ujt + '/^dd(p{t) > 0 . 


Equation (j3.5p is called a parabolic complex Monge-Ampere equation. 


Proof. For the “if” direction, we set u}{t) = a)* + y/—lddtp{t) and compute 
o _ _ uj(t)^ 

^w(t) = X + V^ddlog = X + Ric(n) - Ric(w(t)) = -Ric(w(f)), 

and since clearly a;(0) = wq = wq, we conclude that coft) solves (jl.ip . 

For the “only if” direction, given a solution uj{t) of (ll.ip on [0,T'), we 
define 

,, f\ uj(sr , 
p{t) = log — 

for t E [0, T'). We clearly have that 

|A‘) = iog^. v>(o) = o. 

We compute 
d — 

— (co(t) — cat — '/^dd(f(t)) = —Ric(ci;(t)) — x + Ric(a;(t)) — Ric(n) = 0, 

and so uj(t) — cat — \/—^dd(p(t) is a smooth family of real (1,1) forms which 
satisfy 

^ (ca(t) - wt - \/^dd(p(t)) = 0, (ca(t) - cat - \/^dd(p(t)) |t=o = 0, 

and so we must have ca(t) —Cot — —lddip{t) = 0 on X x [0, T'), and so (j3.5p 
holds. □ 


We can now prove the uniqueness in Theorem 13.11 

Theorem 3.4. Suppose cai(t) and ca 2 (t) are two solutions of (|l.ll) on the 
same time interval [0,T'). Then cai(t) = ca 2 (t) for all t E [0,T'). 
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Proof. Thanks to Lemma 13.31 we can write 

uii{t) = uit + V^ddipi{t), uj2{t) =Cjt + \/^ddip2{t), 

where ipi{t), ^p 2 {t) both solve (I3.5p for t G [0,T'). Our goal is to show that 
ipi{t) = (p 2 it) for all t G [0,T'). 

If we write ip{t) = if 2 {t) — Piit) then we have 

(wi(t) + = uj 2 {tT = = e^Wa;i(t)”, 

using ()3.5I) . Here and in the following we write 

In other words, the function satisfies 




= fog 
V’(O) = 0 


(ioiit) + V^ddipit))^ 


, a;i(t) + V^dd'4>{t) > 0. 


Then, for every e > 0, the function if{t) = — et satisfies 

f-m - log ^Bm)r _ 


and we can now apply the maximum principle. Fix any 0 < T" < T', and 
let the maximum of on X x [0,T"] be achieved at {x,t). If t > 0 then 
at (x, t) we have 

0 < coi(t) + y/^dd'if(t) ^ coi(t}, 


and so 

(oji(t)+v^dd7f(t)r ^coi(tr, 


and 


9 7u^ , Mt) + V^ddip{t))^ 

0<^^(*) = log--£<-£, 


a contradiction. Therefore we must have t = 0, and so t) = il>{x, 0) = 0. 
Since (x, t) was a maximum point, we conclude that 


i’it) ^ 0 


on X X [0,T"], or in other words 

^ et 

on X X [0,T"], and since T" < T' was arbitrary, the same holds on [0,T'). 
Letting e —>■ 0 we conclude that 

ip{t) ^ 0, 

on X X [0, T'). Applying the same argument to fj^t) + et, and looking at its 
minimum point, we conclude that '0(t) is identically zero. □ 
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3.3. Existence for a short positive time. We are now ready to prove a 
short-time existence theorem, originally due to Hamilton [35] for the Ricci 
flow on general compact Riemannian manifolds. The Kahler setting allows 
for a much simpler proof. 

Theorem 3.5. Let {X'^,ujq) be a compact Kahler manifold. Then there 
exists e > 0 and a unique smooth solution uit) of the Kdhler-Ricci flow 
(HH) defined on [0,e). 

Proof. Let T > 0 be defined as in (|3.1I) . fix any 0 < T' < T, fix a Kahler 
metric rj in [wq] — 27rT'ci(X), and define and as in ()3.2p . (13.3p and 
(|3.4I) . Since we have already proved uniqueness in Theorem 13.41 our goal is 
to produce a solution ip{t) of (13.51) defined on [0, e) for some e > 0 (thanks 
to Lemma 13.31) . Up to rescaling the time parameter, we may assume that 

r ^ 1 . 

Fix an integer k ^ 2 and a real number 0 < a < 1, and let Ut C 
go) be the open set given by all functions ip G C^’°‘{X, go) such that 
Ut + > 0 everywhere on X. This is an open set which contains 

the origin, and for every t G [0, T'] we can define an operator Et : Ut ^ 
by 

, {ut + ^/^^^^P)^ 

EtW = log- - -. 

To take care of the dependence on t we consider the parabolic Holder space 
C^’°‘{X X [0, l],5o) of functions w : X x [0,1] —M such that the norm 

lkllc'=.“(Xx[0,l],go) ^ X/ ^llcO(Ax[0,l],go) 

~r / sup a 

{d{x,y)^ + |t - s|) 2 

is finite (we assume of course that u is sufficiently differentiable in X and 
t so that these derivatives make sense), where V® is the real covariant de¬ 
rivative of go (see ()2.3p L d{x,y) is the go-distance between x,y £ X, and in 
the expression |V^c^ri(x,t) — V^c^ri(g, s)|gp we are using parallel transport 
with respect to go to compare the values of these two tensors, which are at 
different points in X (see e.g. nil EH for more on these spaces). 

These are Banach spaces, and we let U C x [0,1], go) be the subset 

of all functions G C^’°‘{X x [0, l],go) such that ut + \EXdd'p{t) > 0 on 
X X [0,1], which is again an open set containing the origin. We then define 
an operator E : U ^ C^~‘^’^{X x [0, l],go) by 

Eim)-^oflE±EpmL. 





KAWA LECTURE NOTES ON THE KAHLER-RICCI FLOW 


15 


If we can find e > 0 and a function ip ^ U C x [0, l],5o) such that 


= E{ip){t) 

<^(0) = 0, 


on X X [0, e) then standard parabolic PDE theory (differentiating (j3.6p and 
applying e.g. m Chapter 8]) implies that p is smooth on X x [0,e), and 
so is our desired solution of (13.Sp . 

To achieve this, we first note that if we have such a solution p{t) (suppose 
that it is smooth) then its time derivatives 


di 


for all £ ^ 0 are equal to certain smooth functions which are expressible 
purely in terms of the given data wq, Xj For example 


Fq = 0, Fi= log F 2 = -tr^(,Ric(a;o) = -R(wo), 


and so on. The case of general i follows easily by differentiating the flow 
equation (13.511 . noting that all time derivatives of ut and \^—lddp{t) are so 
expressible. We choose a function p G x [0, l],5o) (so in particular 

in C^’“) such that 



Fe, 


for all 0 ^ ^ + 1, and such that p lies inside U. In other words, the 

Taylor series of (,5 in t at t = 0 matches the one of a solution p (if it exists) 
up to order |_|J + 1. Let h = ^p — F{p), for t G [0,1], so that h is by 
construction a function in C^~‘^’°‘{X x [0, l],g'o), whose Taylor series in t at 
t = 0 vanishes up to order . For a given e > 0 let hs{t) be equal to 0 for 
0 ^ ^ e and equal to h{t — e) for e ^ t ^ 1. Then by construction we have 

that G X [0,1],5o) and 


(3.7) 


\\he 


h\\(jk-2 


TXx[0,l],go) 


0 , 


cl5 E — y 0, 


because h ^ ^’“(X x [0, l],fiio)- We then wish to perturb p to another 

function p ^ U C (^^’“(X x [0, l],5o) which solves 


= F{p){t) + he{t) 

p{0) = 0, 


on X X [0,1], for some small e > 0, because if we can do this then p solves 
(|3.6p on Xx [0, s) since hs{t) = 0 for 0 ^ ^ e. This is a standard application 

of the Inverse Function Theorem in Banach spaces together with the theory 
of linear parabolic PDFs. Indeed consider the operator 

g.,U^ X [0,1],ffo) X C^'^{X,go), 
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Then £ defines a Frechet differentiable map between Banach spaces, and its 
Gateaux derivative at G C/ in the direction rj G x [0,1], 50 ) = T^U 

is given by 

(3-9) D^£{r]) = - D^E{r]),r]{0)^ , 

where D^E{ri) is given by 


D^E{r]) 


E{iP+srj) = 

s=0 


for all t G [0,1]. Given any point {h, r/o) G ^’“(Xx [0, 1], go)xC’^’°‘{X, go), 

the condition that D^£{g) = {h, 770 ) is equivalent to the linear parabolic PDF 

{ d 

+ /i(t) 

^( 0 ) = %, 


for t G [0,1]. It follows that the map 


D^£ : X [0, l],go) ^ x [0, l],go) x C''^'“(X, <70), 


is an isomorphism of Banach spaces thanks to the existence, uniqueness 
and continuous dependence on the initial data for the linear parabolic PDF 
(j.S.inji (see e.g. [471 Chapter 8]). The Inverse Function Theorem in Banach 
spaces then implies that T is a local isomorphism, near any point in U. Since 
our function solves 

( 3 . 11 ) (§^m = E(m)+m 

[ v(0) = 0. 

on X X [0,1], and recalling (I3.7p . we see that there exists e > 0 small enough 
and ip solving (I3.6h . as desired. □ 


3.4. A priori estimates and completion of proof of Theorem 13.11 

Thanks to Theorem 13.51 we now have a solution oj{t) of (11.11) for some short 
time [0,e),e > 0. We may take then the largest possible e, and call it Tmax, 
which satisfies 0 < Tmax ^ cc, and depends only on ojq. Recall that to prove 
Theorem 13.II we have to show that in fact we have a solution on [0, T) where 
T is given by m, and that earlier we have fixed 0 < T' < T. If we have 
that Tmax ^ T' then we are done, since T' < T is arbitrary, so the goal 
is to show that if Tmax < T' (in particular, Tmax < 00 ) then we obtain a 
contradiction. 

The key to deriving the contradiction are the following a priori estimates. 
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Theorem 3.6. For every k ^ 0 there is a constant Ck, which depends only 
on k,uo, such that 

(3-12) \\Fi't)\\c'=(X,go) ^ 


(3.13) wit) ^ Cq^ujo, 

for all t E [0,rmax). 

Indeed, assuming Theorem 13.61 we can now complete the proof of Theorem 

[Q 


Proof of Theorem \3.1\ Observe that the flow equation (13.Sp together with 
(I3.12p . (|3.13p implies that 


(3.14) 



^ Ck,t, 


for all k,i^ 0 and for some uniform constants Ck,e- 

The Ascoli-Arzela Theorem implies that for every k ^ 0 the embedding 
C^~^^[X,go) C’^{X,go) is compact. Therefore the bounds (j3.12l) . together 

with a diagonal argument, show that given any sequence tj —Tmax there 
exists a subsequence tj^ and a smooth function <^Tmax such that g^{tj^) con¬ 
verges to </?Tmax ™ C^{X,gQ) for all ^ 0 (at this point the function 
may depend on the chosen sequence). Now (|3.14p in particular implies that 
supjf \^p{t)\ ^ C for all t E [0,rmax), for some constant C which depends 
only on the initial data, and so 

(3.15) ^(v9(t)-Ct) ^0, 

on A X [0,Tinax). The functions ip{t) — Ct are therefore nonincreasing in t 
and uniformly bounded below (by (I3.12p and the fact that Tmax < cc); and 
so they have a unique pointwise limit as t ^ Tmax, which is necessarily equal 
to (/JTmax since this is the (in particular uniform) limit of the sequence 
ip{tj^). Therefore the limit (^Tmax is unique, and an elementary argument 
implies that (p{t) —>■ (^Tmax ss t ^ Tmax in C^{X,go) for all 0. Indeed, if 
this was not the case then we could find a sequence tj —)• Tmax and an ^ ^ 0 
such that the functions (p{tj) do not converge to (^Tmax in C^{X,go), but we 
have shown that we can then extract a subsequence tj^. so that T{tj^) does 
converge to (^Tmax in C^{X,go), a contradiction. 

Therefore the metrics uj{t) = wt + y/—ldd(p{t) converge smoothly to the 
(1,1) form a;(rmax) = + V^ddipT^^^, which is positive definite (i.e. 

a Kahler metric) thanks to (I3.13h . 
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We can then use Theorem 13.51 to solve the parabolic complex Monge- 
Ampere equation 

—^{t) = log- 

' </?(71nax) = 

_ ujt + > 0, 

for t G [ Tmax . Tmax + s), aud for some e > 0 (note that in that proof we 
had the initial value of ip equal to zero, while now it is ifTma.^, but the proof 
there works for this case as well). Therefore uj{t) ■.= ujt + y/ —lddip{t) for 
t G [Tjnax, Tmax + e) defines a solution of (jl.ip on this time interval, with 
initial metric equal to 

Lastly, we remark that (j3.14p together with a similar argument as before 
(using Ascoli-Arzela, a diagonal argument, and the analog of (j3.15p to show 
uniqueness of the limit) shows that for every £ ^ 0 we have that as t ^ Lmax 
the function converges smoothly to the same function that one gets 

from differentiating (13.161) and setting t = T^i^. This means that if we 
define ip{t) for all t G [0, Tmax + e) by piecing together the flow (j3.5j) on 
[0,Tinax) together with the flow (13.161) for t G [ Tma x, Tna x + e), then the 
resulting function ip{t) is smooth in all variables, and gives a solution of 
the Kahler-Ricci flow (13.51) on [0, Tmax + s)- This is a contradiction to the 
maximality of Tmax- Tl 


y/^ddip{t))'^ 

n 


We now start the proof of the a priori estimates in Theorem 13.61 First, 
we prove (|3.12p for A: = 0. 

Here and in the following, we denote by C a generic positive constant 
which is allowed to depend only on the initial metric ojq, and may change 
from line to line. All such constants C can in principle be made completely 
explicit. 


Lemma 3.7. There is a constant C > 0, which depends only on ujq, such 
that 

(3.17) sup |y?(t)| ^ C, 

for all t G [0,Tmax)- 


Proof. Let ip{t) = ip{t) — At, for some constant A > 0 to be determined. We 
have 




<p{t) = log 


{cot + V^ddip{t)y 

n 




for t G [0,Tmax)- Fix any 0 < r < Tmax and let the maximum of (p{t) on 
X X [0, r] be achieved at {x,t). If t > 0 then at {x,t) we have 


0 < ^T(i) = log 


(chi + y/^ddip{t)y 

n 


-.n 


-Aiiog--A 
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using that 

0 < ^ (ht, 

at (x,t). But recall that ut are Kahler metrics for all t G [0,Tmax]) which 
vary smoothly in t, and so 

A = l+ sup logTf, 

A:x[0,Tn,e,x] 

is a finite, uniform constant, and with this choice of A we obtain a contra¬ 
diction. Therefore we must have that the maximum of (p{t) is achieved at 
t = 0, where this function is zero. This shows that 


sup(/?(t) ^ At AT^ax, 

X 


for all t G [0,rmax)) which gives half of the estimate (j3.17p . 

For the other half, one looks at the function (p{t) + Bt, where 


B = l- inf 

A" X [0,Tn, 


r.iL 


and argues similarly. 


□ 


Having given all the details on how to apply the maximum principle in 
this case, from now on we will be more brief on this point (in particular, 
when applying the maximum principle we will always restrict to a compact 
time subinterval without mention). 


Lemma 3.8. There is a constant C > 0, which depends only on ojq, such 
that 

(3.18) sup|(/i(t)| ^ C, 

a: 


for all t G [ 0 ,rmax)- 


Proof. We compute 


(I - 


ipft) - tr^(t)(w(t) - idt) = pit) -n + tr^(t)Wi, 


_ W ^ nuj{tY ^ A{x + y/^ddf:>{t)) 

\dt J oj{tY 


Aip{t) = 


where here and from now on we will always write A = 
these, we obtain the useful equations 


Combining 


(3-19) {t(f{t) - (f{t) - nt) = iT^(t){tx - (ot) = -tr^p)Wo < 0, 

(3.20) 

^^-A^ ((T'-t)(^(t)-h(/?(t)+nt) =tr^(t)((T'-t)x + wt) =tr^(t)WT' > 0. 
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We won’t need (j3.19p right now, but we record it here for later use. The 
maximum principle applied to ()3.2np gives that the minimum of {T'—t)ip{t) + 
ip{t) + nt is achieved at t = 0, and so 

up' 

{T' - t)ip{t) + ip{t) +nt^ T'ip{0) > T' inf log ^ -C, 

X it 

and since T' — t^T' — T^ax > 0, this implies that 


inf <p{t) ^ 

for all t G [0,Tmax), using Lemma [3.71 
observe that 

d A (f a;(t)) 

=- uW' -“ 


-C, 

For the upper bound on ip{t), we 
tra;h)(-Ric(w(t))) = -R{t), 


and since locally 


R{t) = = -g^^didjlogdet{g^j), 

we obtain 

^R{t) = g^'^gP^RpgRij - g'^didj = |Ric(w(t))|^(t) + AR{t), 

and so — A) R{t) ^ 0, and the minimum principle implies that 
(3.21) inf i?(t) ^ inf i?(0) ^ —C, 

X X 

for all t G [0,Tmax)- Since Tma x < oo, we can integrate this bound in t and 
obtain supj^ ip{t) ^ C for all t G [0,Tmax)- D 


Theorem 3.9. There is a constant C > 0, which depends only on ujq, such 
that 

(3.22) suptra;oa;(t) ^ C, 

X 

for all t G [0,Tmax)- 
Proof. Calculate 

Q 

—tT^gU){t) = -tra;oRic(a;(t)), 

and at a point with local holomorphic normal coordinates for uq where uj{t) 
is diagonal, we have 

Atr^ow(t) = g''^dkd-^{gl^ g{j) = g^^ g^^ Rlj^.g'^^ g^j + 

n _ _ 

= Kkii9^''9ii - do Ri] + do g’^^g^'^dkgiq&igpj 
i,k=l 

i,k=l 
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where V is the covariant derivative of ujq. Note that at our point we have 
that 

Km = ^ -Co, 

where —Cq is a lower bound for the bisectional curvature of ojq among all 
cuo-unit vectors (note the vectors di,dk are oiQ-orthonormal at our point). 
Therefore 

n n /^\/^\ 

E > -Co E = -Co ( I ( 

i,/c=l 2,/c=l 


\k=l 


< 2=1 


and so 


d 


(3.23) tr^o^(^) ^ g’^^gP'^VkgiqVjgp-j 

follows that 
d \ 

— - A 1 logtro^(,a;(t) ^ Cotr^(t)a;o 


tr^(,cj(t) 


g§g’^~^gP^Vkg^qVJg„■- 


0 

P3 ~ ' 


tr^(,a;(t) 


Surprisingly, the term inside the big bracket is nonnegative, 

|2 


do 9 9 VkgigV^gpj j ^ 0, 


because it is readily verified that it equals the norm squared 

g^g^~^gP~^BkiiBi^ ^ 0, 

of the tensor B with components 

^kiq — V kyiq , /,\ Uiq^ 


tlC^oU!{t) 


Indeed, 


0 


9o g''‘^g^'‘BkiqBejp = go g'^^g^'^^kgiq^jgpj + go g^'^^mTr~~?ikr'9iqg- 


-2Re(5?/V^ 


dktmo^it) ^ ^ 


P3 


tro^(,a;(t) 


-giq'^egpj 


fj kl p-q^ ° |5tro,oa;(t)|2 

= <7o/V^Vfc5igV^<7pj + 


tro^oa;(t) 


- 2Re gf/g‘ 


u^kedktmqUj(t}^^ 






0 0 \dtT^qU3{t)\l^^^ 
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as claimed, using that This gives 

(3.24) logtr^(,a;(t) ^ C'otr^(t)a;o, 

and combining this with (j3.19p we obtain 

(logtr^oa;(t) + Co{t(p{t) - (p{t) - nt)) ^ 0, 

and so the maximum principle implies that this quantity achieves its maxi¬ 
mum at t = 0, and so 


logtr^oa;(t) - Co{tip{t) - ip{t) - nt) ^ C, 


on A X [0,Tmax), using Lemmas 13.7113.81 and the fact that t ^ Tmax < oo. 
Exponentiating we obtain (I3.22p . □ 

Corollary 3.10. There is a constant C > 0, which depends only on coq, 
such that 


(3.25) C-^wo ^ uj{t) ^ Cujo, 
for all t e [0,Tmax). 

Proof. The bound uj{t) ^ Ccoq follows immediately from ()3.22p . For the 
lower bound, note that the flow equation ()3.5p together with Lemma 13.81 
give 

(3.26) C-^io^ ^ ioit)^ ^ Cuj)}, 

and if at a point we choose coordinates where wq is the identity and uj(t) is 
diagonal with eigenvalues Xj > 0,1 ^ j ^ n, then (I3.22h shows that 

Xj ^ C, 

for all j, while (|3.26p implies 

n 


and so for any j we have 


A. 


0^=1 „_i 


which exactly says that uj{t) ^ C 


□ 


Of course (I3.25h implies (j3.13p . 

While all the arguments so far used the maximum principle, the higher 
order estimates are in fact purely local. For a proof we refer to [59]. 
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Theorem 3.11. Let U <Z X he a nonempty open set, and u){t) solve the 
Kdhler-Ricci flow dni) on U X [0,T), for 0 < T ^ oo, with initial Kdhler 
metric ojq. Assume that there exists a constant Cq > 0 such that 

(3.27) Cq^uj ^ u}{t) ^ Cow, 

on U X [0,T), for some Kdhler metric oj on X. Then given any K C 
U compact, and any k ^ 1 there is a constant C which depends only on 
K,U,k,u:o,co and Cq such that 

(3.28) \\^{'t)\\c'^{K,uj) ^ C, 

for all t E [0,T). Furthermore, for any given 0 < e < T, the estimates 
(j3.28p hold for t E [e, T) with a constant C that depends also on e but does 
not depend on wq. 

We can now complete the proof of Theorem 13.61 

Proof of Theorem \3.6\ . We have already established (I3.13P and (j3.12l) for k = 
0, so it remains to show (j3.12l) for /c ^ 1. First note that by a simple covering 
argument, (I3.25P together with Theorem 13.111 implies that 

(3-29) ll‘^(^)llc'=(X,aJo) ^ 

for all t E [0, Tmax)) and all /c ^ 1, where Ck is a uniform constant. But we 
have 

= ijj{f) — Cjt, 

and Cdt is a smoothly varying family of Kahler metrics for all t E [OjTmaxJj 
and so 

where the function on the right-hand-side is uniformly bounded in C^{X, wq) 
for all /c ^ 0 thanks to (I3.25|] and (j3.29p . But for any fixed 0 < a < 1 we 
have the elliptic estimates (see e.g. m) 

\\T{t)\\c’^{X,go) ^ \\T{'^)\\c*=’°‘{X,go) ^ Ck{\\X^^ip{t)\\ck-2,ai^x,go) + II 7^(0 IICO (X)) 

^ Ck{\\^ujQT{l)\\c^-i{X,go) + ll7’(^)llco(x)); 

for all fc ^ 2, and so (using Lemma [3?7ll we obtain (j3.12p . □ 

3.5. Examples of calculations of T. First, we look at the case when 
n = 1, so X is a compact Riemann surface. It is well-known that X is 
diffeomorphic to a surface of genus g, for some g ^ 0- Since L7^(X, M) = 
M, it follows that H^’^{X,'R.) = M as well. 

Example 3.12. li g = 0, so X is diffeomorphic to S‘^, then the uni- 
formization theorem implies that X is in fact biholomorphic to CP^, so 
Cx is generated by [wps] where wps is the Fubini-Study metric, which in the 
standard coordinate system (writing CP^ = C U {oo}) is locally given by 
Wes = V—^dd log(l -I- \z\^). Recall that wps satisfies 
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and 


Ric(a;Fs) = 2 a;FS- 


Therefore 27rci(X) = 2[a;Fs] £ C-x- If wq is any Kahler metric on X, then 
[wq] = A[t<;Fs] for some A > 0, and the evolved class is 


[a;(t)] = [wo] - 2'Ktci{X) = (A - 2t)[a;Fs], 


which is Kahler if and only if A — 2t > 0. Therefore by Theorem 13.11 the 
maximal existence time of the Kahler-Ricci flow (jl.ll) is T = . The limiting 

class is 

[a] = [wo] - 27rTci(X) = 0, 
so in particular Vol(X, a;(t)) ^ 0 as t —)• T. 


Example 3.13. If = 1, so X is diffeomorphic to the torus T^, then the 
uniformization theorem implies that X is biholomorphic to C/A for some 
lattice A C C. In general different lattices give rise to non-biholomorphic 
complex tori. In any case, any given Euclidean metric cuflat on C is invariant 
under translations by A and so it descends to a Kahler metric cufiat on X 
with 

Ric(t<;flat) = 0. 

Therefore ci(X) = 0, and the flow starting at any initial metric wq does not 
change the Kahler class [a;(t)] = [wq]; and so by Theorem 13.11 we get that 
T = oo. Clearly, the volume of {X,uj(t)) is constant. 


Example 3.14. If g ^ 2, then the uniformization theorem implies that X 
is biholomorphic to B/T were B = {z & C \ |z|<l}is the unit disc and T 
is some discrete group which acts on B by isometries of the Poincare metric 

^^hyp = -V^dd\og{l - \z\^), 

on B. Therefore cuhyp descends to a Kahler metric on X, which satisfies 

Ric(cJhyp) — 2 cjFyp) 

by direct calculation. Therefore, if ujq is any Kahler metric on X, then 
[wq] = A[whyp] for some A > 0, and the evolved class is 

[a;(t)] = [wo] - 27rtei(X) = (A 2t)[whyp], 

which is Kahler for all t ^ 0. Therefore by Theorem 13.11 the maximal 
existence time of the Kahler-Ricci flow (ttH) is T = oo. The volume of 
Vol(X, uj{t)) grows like t as t —>• oo, and the cohomology class of the rescaled 
metrics converges to — 27rci(X). 

Example 3.15. Let X = CP^ x CP^, with projections vri, 7 r 2 to the two 
factors. Then R) = R^, generated by a = 7rj['[t(JFs] and b = ^^[caFs]; 

and it is easy to see that a class [a] = Aio -|- A 26 is Kahler if and only if 
Ai > 0 and A 2 > 0 . Also, the product metric Wprod = + 'T 2 <vfs satisfies 

Ric(cUpi-od) — 2 cjpj-od) 
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and so 2'kci{X) = 2(a + b). Therefore the evolved class is 

[w(t)] = [cjo] - 27rtci{X) = (Ai - 2t)a + (A 2 - 2t)b, 
and so by Theorem 13.11 the maximal existence time is 

rp . / Ai A 2 

^ fT’ T 

The limiting class as t T is either zero, or a multiple of a or b, and so we 
always have that Vol(X, a;(t)) —>■ 0 as t —>■ T. 

Example 3.16. Let vr : X —)• CP^ be the blowup of CP^ at a point p, with 
exceptional divisor E = 7r~^{p) = CP^. Then we have that H^’^{X,M.) = 
generated by a = ^ b, the Poincare dual of E, and also 

ci{X) = 3a — b. 

Consider a (1,1) class [a] = Aio + \ 2 b. The Nakai-Moishezon criterion of 
Bunchdahl [H Corollary 15] and Lamari [l8] (which was extended to all 
dimensions by Demailly-Paun [12]) in this case says that [a] E Cx if and 
only if 


(3.30) 


/ > 0, 

a > 0, 

1 

Jx 

JE 

Jh 


a > 0, 


where H = tt ^(L) and L = CP^ is a projective line in CP^ which does 
not pass through p. The Poincare dual of L inside CP^ is and so the 

Poincare dual of H inside X is a, and so (I3.30p is equivalent to 


(3.31) 

We also have that 


/ a^>0, / aAo>0, / aAb>0. 

Jx Jx Jx 


(3.32) 


(3.33) 

1 b'‘= f 

Jx J E 

(3.34) 

/ a Ab = / a = 0, 

Jx J E 


where (|3.33p is well-known and (j3.34p holds because we can represent a by a 
smooth form supported in an arbitrarily small neighborhood of H, and since 
H is disjoint from E we may choose a representative of a which vanishes 
everywhere on E. Using these, we immediately see that (I3.3ip is equivalent 
to 


(3.35) 

or equivalently 

(3.36) 


Ai - A 2 > 0, Ai > 0, -A 2 > 0, 


0 < - 


A2 < Ai. 
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So if [wo] = Aio + A 26 is any Kahler class on X (so (j3..S6p holds), then the 
evolved class is given by 


[w(t)] = [wo] — 2Trtci(X) = (Ai — 6TTt)a — (—A2 — 2'iTt)h. 

This class remains Kahler as long as —A 2 —27rt > 0 and Ai — 67 rt > —A 2 —27rt, 
and so by Theorem 13.11 the maximal existence time is 


T = min 


/ Ai + A2 

\ dvr 



We have that 


Vol(X, u;(t)) = (Ai — 67rt)^ — (—A 2 — 27rt)^. 

If Ai ^ — 3 A 2 , then T = and so Vol(X, a;(t)) —0 as t —)• T. If instead 

Ai > — 3 A 2 , then T = and so 

Xo\{X,uj{t)) (Ai + 3A2)2 > 0 


as t —)• T. This is the first example that we encounter of a finite time 
noncollapsed singularity. We will study these in more detail in the next 
section. 


4. Finite time singularities 


4.1. Finite time singularities of the Kahler-Ricci flow. In this section 
we assume that the Kahler-Ricci flow has a finite time singularity at 
time T < 00 . The limiting class of the flow is 

[a] = liin[a;(t)] = [wq] — 27rTci(X), 

and it is a nef class, since it is a limit of Kahler classes. Not all nef classes 
arise in this way, and we have the following elementary observation: 


Proposition 4.1. Let X be a compact Kahler manifold and [a] G dCx 0 , nef 
(1,1) class, which is not Kahler. Then there exists a Kahler metric ojq such 
that the Kahler-Ricci flow o has a finite time singularity with limiting 
class [a] if and only if [a] + Aci(X) G Cx for some A > 0. In this case the 
maximal existence time is T = 


Proof. If there exists a metric uq such that the Kahler-Ricci flow dni has a 
finite time singularity at time T with limiting class [a], then we know that 

[a] = [wo] - 2-nTci{X), 


and so [a] -|- 2'kTci{X) G Cx- 

Conversely, if [a] -|- Aci(X) G Cx for some A > 0, we choose a Kahler 
metric ujq in this class, and evolve it by the Kahler-Ricci flow (jl.lh . The 
class of the evolved metric is 


[cu(t)] = [wo] — 27 rtci (^) = [a] + (A — 27 rt)ci (X) 



r 1 27rt , 

M + —[a] 
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For 0 ^ ^ this is a sum of a Kahler class and a nef class, and so it 

is Kahler, while for t = -^ this equals [a] which is nef but not Kahler. It 
follow from Theorem ED that the maximal existence time is T = ^ < oo 
and the limiting class is [a]. □ 


4.2. Noncollapsed finite time singularities. We will say that a finite 
time singularity at time T < oo is noncollapsed if Vol(X,u;(t)) ^ C~^ for 
all t G [0,T). As we saw, this is eqnivalent to the cohomological property 


(wq — 27rTRic(a;o))’^ 


> 0 . 


JX JX 

In other words, it is eqnivalent to requiring that the limiting class [a] be nef 
and big. Recall that in this case the null locus Null(a), defined in (j2.4p . is 
a proper analytic subvariety of X. 


Example 4.2. Going back to Example 13.161 if we choose the initial class 
to be [wq] = 4a — 6, then we have T = -^ and the limiting class is 

TT* [wps] 

|a]=a=^—. 

As shown in (j3.34D . we have that 



a = 0, 


so certainly E C Null(a). Since > 0 (see (j3.32p l. we have that Null(a) 
is not equal to A. If C C A is an irreducible curve which is not equal to 
E, then C cannot be contained in E and so its image vr(C') is an irreducible 
curve in CP^. We then have 




WES > 0, 


since wps equals the volume of vr(C) with respect to the Fubini-Study 
metric. Therefore we have shown that Null(a) = E. 


The following is the main result of this section: 

Theorem 4.3 (Collins-T. [T0]I. Let (A, cjo) be a compact Kahler manifold 
such that the Kdhler-Ricci flow dni) starting at uq has a noncollapsed finite 
time singularity at T < oo. Let a = uq — 27rTRic(a;o). Then there is a 
Kahler metric ujt on A\Null(a) such that 

L0{t) —>■ UJt, 

in C{^^(A\Null(a)) ast^T. 

When A is projective and [wq] £ dL^{^^ Q) this was known earlier: indeed 
in this case the limiting class [a] is the first Chern class of a Q-divisor D, 
and it follows from a trick of Tsuji [85] (cf. [74]) that we have uniform 
estimates on compact sets away from the intersection of the supports of all 
effective Q-divisors E such that D — E is ample (such divisors exist thanks 









28 


VALENTINO TOSATTI 


to “Kodaira’s Lemma” [501 Proposition 2.2.6]). But this intersection equals 
the “augmented base locus” of D, as shown in [16] Remark 1.3], and this in 
turn equals Null(ci(Il)) thanks to Nakamaye’s Theorem [53]. Our work in 
[lOj extends Nakamaye’s Theorem to real (1,1) classes on Kahler manifolds, 
and this is the key new ingredient. 

Following m we define the singularity formation set of the flow E (which 
depends on the initial metric wq) by 

E = X\{x E X I 3U 3 X open, 3C > 0, s.t. |Rm(t)|^(i) ^ C on U x [0,T)}, 

where Rm(t) denotes the curvature tensor of co{t). 

We have the following conjecture: 

Conjecture 4.4 (Feldman-Ilmanen-Knopf [19] . Campana (see [93])). For 
every finite time singularity of the Kdhler-Ricei flow the singularity forma¬ 
tion set E is an analytic subvariety. 

This conjecture was solved in m- 

Theorem 4.5 (Collins-T. [TO]!. Conjeeture |.^..^| is true, and we have 

E = Null(a), 

where [a] = [wq] — 2TrTci{X) is the limiting class. In other words, E is the 
union of all irredueible analytie subvarieties whose volume goes to zero as 
t -3 T. 


As we will see, this is a simple application of Theorem 14.31 
First, we rewrite the Kahler-Ricci flow as a parabolic complex Monge- 
Ampere equation. This is similar to the setup we had in section (3] but there 
are some key differences. We define a = uq — 27rTRic(a;o), which is a closed 
real (1,1) form with no positivity properties in general, and let 

tDt = ^((T - tjwo + to), O^t^T, 

which are forms cohomologous to uj{t), again with no positivity in general. 
We also let X = ^ (a — ^o) so that we can write cut = + and we choose 

a smooth positive volume form n with Ric(n) = —x- Then, as in section (3] 
the Kahler-Ricci flow is equivalent to 


(4.1) 


d . . - 


{Cut + '/^ddip{t)y 


Q 


(/.(O) = 0 

_ cut + V^ddip{t) > 0 . 


Lemma 4.6. There is a eonstant C > 0 such that 


(4.2) 


ip{t) ^ C, 


(4.3) fi{t) ^ C, 

on X X [0,T). 
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Proof. Recall from (13.211) that we have R{t) ^ —C on X x [0, T). Since 

^p{t) = 

this gives ^ C. Integrating in t we obtain (j4.3p . and integrating again 

we get (lOI) . □ 

Next, we give two equivalent definitions of S, following Z. Zhang [92]. 

Proposition 4.7. We have that 

S = X\{x & X \ 3 U 3 X open, 3 C > 0, s.t. R{t) ^ C on U x [0,T)} 

= £ X \ 3 U 3 X open, 3 lou Kdhler metric on U, 

s.t. oj{t) -3 oju in C°°{U) as t ^ T}, 
where R{t) is the scalar curvature of uj{t). 

Proof. It is clear that if the metric u}{t) converge smoothly to a limit Kahler 
metric on some open set U then we have |Rm(t)|^(j) ^ C on 17. It is also 
clear that a uniform bound on the curvature tensor implies an upper bound 
on the scalar curvature. Therefore we are left to show that if R{t) ^ C on 
U X [0,T), where U is an open set which contains a given point x, then on 
a possibly smaller open neighborhood U' of x we have smooth convergence 
of the metrics to a limit Kahler metric on U'. 

To see this, first recall from (|3.21l) that the bound R ^ —C always holds 
on X X [0,T). Therefore on U x [0, T) we have \R\ ^C, and differentiating 
(11.111 we have 

We conclude that on U x [0,T) we have \(p\ ^ C, and integrating in time 
this gives |(^| + |(^| ^ C on this set. The quantity tip — tp — nt \s therefore 
uniformly bounded on 17 x [0, T) and satisfies (thanks to (|3.19|) i 

{tip-if- nt) = iTuj{tx - wt) = -tr^wo- 

Recall that from ()3.24jl we also have 

logtr^oCj < 

and so 

(logtri^oW + C{tip - ip - nt)) ^ 0, 

This implies that this quantity achieves its maximum at t = 0, and so 

holds on X X [0,T). In particular, on 17 x [0,T) we obtain 
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From the flow equation = e‘^fl we also have uj{t)'^ ^ C on ?7 x 

[0,T), and so we conclude that 

C~^uo ^ ui{t) ^ Cujo, 

on U X [0,T). The local estimates of |59] then give uniform bounds for 
uj{t) on U' X [0,r), for a smaller neighborhood U' of x, and from these we 
easily obtain smooth convergence to a limit Kahler metric onU'. □ 

As a corollary, we see that the scalar curvature blows up at a finite time 
singularity [92]: 

Corollary 4.8. For every finite time singularity of the Kdhler-Ricci flow 
the singularity formation set S is nonempty, and furthermore we have that 
lim supj^ 2 ’supx-R(t) = + 00 . 

Proof. Thanks to Proposition 14.71 if we had S = 0 then the metrics uj{t) 
would converge in C°°{X) to a limiting Kahler metric in the class [a], con¬ 
tradicting the fact that [a] is not in the Kahler cone. The blow up of 
the supremum of the scalar curvature also follows directly from Proposition 
ITTI □ 

Assuming Theorem 14.31 we can now prove Theorem 14.51 

Proof of Theorem \4.5[ If a: 0 Null(a), then by Theorem 14.31 the metrics uj{t) 
converge smoothly in a neighborhood of x to a limiting Kahler metric. In 
particular the curvature of u}{t) remains uniformly bounded near x, and 
therefore x 0 S. 

On the other hand, given x E Null(a), suppose that there exist an open 
set U containing x, and a Kahler metric lot on U such that uj{t) converges to 
ut in C°°{U) as t —>■ T. Then, by definition of Null(a), there is a positive¬ 
dimensional irreducible analytic subvariety V G X which contains x and 
with 



where k = dimP, and as usual a = ooo — 27rrRic(ti;o)- Then we have that 
as t T the integral 

f 

Jv 

converges to zero, since [w(t)] ^ [a]. But we also have 

[ u;{t)^fi [ uj{tf > [ 4 > 0 , 

Jv Jvnu Jvnu 

which is a contradiction. Therefore, using Proposition 14.71 we see that 
X E S. □ 

We now turn to the proof of Theorem 14.31 The key ingredient is the 
following theorem, which provides a suitable barrier function, and which is 
a general statement independent of the Kahler-Ricci flow. 
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Theorem 4.9 (Collins-T. [T0]h Let {X,ujq) he a compact Kdhler manifold 
and a a closed real (1,1) form whose class [a] is nef, and with a” > 0. 
Then there exists an upper semicontinuous function ip : X ^ MU{— oo}, 
which equals —oo on Null(a), which is finite and smooth on X\Null(a), and 
such that 

a + ^/^X^^ 1 lJ > ecoo, 
on X\Null(a), for some e > 0. 

Note that we have that ip is globally bounded above on X, and so up 
to subtracting a constant from it we may assume that ip ^ 0 on X. The 
proof of Theorem 133] is quite technical and involves very different techniques 
from the ones in these notes. Therefore we will skip its proof, referring the 
interested reader to the original article m or to the survey [78]. For the 
reader who is familiar with these concepts (see e.g. [H]), Theorem 14.91 easily 
implies that the null locus of a nef and big (1,1) class on a compact Kahler 
manifold equals its non-Kahler locus, which is also the complement of its 
ample locus. 

On X\Null(a) we have 

ojt + V^ddip = ^((T - t){ojQ + '/^ddip) + t{a + y/^ddip)) 

(4.4) ^ - a) + ^eujo 

e 

^ 2 ^ 0 , 

if t E [T — d,T + 6], for some d > 0. 

Lemma 4.10. There is a constant C > 0 such that 


ip ^ Cip — C, 


on X X [0, T). Equivalently, we have 


Proof. Let 

Q = {T + 6 - t)ip + if - Ip + nt, 

which is smooth on (X\Null(a)) x [0,T), equal to +oo on Null(a), and is 
bounded below on X for each fixed t E [0, T). Therefore Q ^ —C holds on 
X X [0,T — 5], for some uniform constant C. 

Our goal is to show that in fact Q ^ —C on X x [0,T). Given T' E 
(r — 5, T) suppose that the minimum of Q on X x [T — <5, T'] is achieved at 
a point (x,t), with t G {T — S,T']. We must have x 0 Nu11(q;), and so at 
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(x, t) we have 

0 > Q = tr^((T + 6 -t)x + iOt + V^ddi^) 

= tr^(tDT+5 + V^ddip) 
e 

^ > 0 , 

using (03]). This contradiction shows that the minimum of Q on X x [T — 
5, T'] is achieved at time T — 5, where we have Q ^ —C. Since T' <T was 
arbitrary, we conclude that Q ^ —C on X x [0,T). This gives 

{T + 5 — t)ip ^ —ip + 'il} — nt — — C, 


If ^ 


^p-C 
T + 6-t 


-^Cip-C, 


since T + 5 — t ^ 5 and ip ^0. 

The equivalent estimate for the volume form follows from the flow equa¬ 
tion. □ 


Lemma 4.11. There is a constant C > 0 such that 

tr^gW ^ Ce~^'^, 


on X X [0,T). 


Proof. From (l,1.24h we have 


and from ()3.19p 

A 

dt 


d 

— - A ) logtr^gCj < Ctr^wo, 


- A] {tip - if - nt) = tioj{tx - iht) = -tr^wo, 


and so 

(logtr^oW + C{tp> -If- nt)) ^ 0, 

and by the maximum principle, the maximum of this quantity on A x [0, T) 
is achieved at t = 0. This gives 


log tr^pW ^ C{—tip + if + nt) + C — Cip ^ C — Cip, 

on A X [0,T), where we used Lemma 14.101 Exponentiating gives what we 
want. □ 


Proof of Theorem 14-3\ Given a compact set K C A\Null(a) with nonempty 
interior, we have inf/^ ip ^ —Ck (here and in the following we denote by Ck 
a constant which depends on the compact set), and so thanks to Lemmas 
14.101 and 14.111 we see that 
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on K X [0,T). The local estimates of [59] then give uniform bounds 
for u{t) on compact subsets of X\Null(a), and arguing as in the proof of 
Theorem EH we easily obtain a Kahler metric ut on X\Null(a) such that 
u{t) converge to ut in C'j'^^(X\Nu11(q:)) as t T. □ 

4.3. A conjectural uniform bound for the potential. We now mention 
a conjecture raised explicitly by Zhang [93l Conjecture 5.1]: 

Conjecture 4.12. For every finite time solution of m, there is a constant 
C > 0 such that 

ip(t) > -C, 

on X X [0, T). 

Note that we do not necessarily assume that the singularity is non-collapsed. 
Consider now the following conjecture, which is not about the Kahler-Ricci 
flow. 


Conjecture 4.13. Let X be a compact Kahler manifold and [a] a nef {1, 1) 
class such that [a] + Aci(A) is a Kahler class for some A > 0. Then a 
closed positive current with minimal singularities in the class [a] has bounded 
potential. 


The condition that a closed positive current with minimal singularities in 
the class [a] has bounded potential, is equivalent to the following statement 
(which does not involve currents, and can be taken as the definition in these 
notes): there is a constant Cq > 0 such that for every e > 0 there exists 
% E M) such that a + —ewo and supj^ |%| ^ Cq. The 

equivalence follows immediately from Demailly’s regularization theorem for 
closed positive (1,1) currents [H]. In particular this condition holds if the 
class [a] has a smooth semipositive representative. 

Conjecture 14.131 is a transcendental (weak) version of the base-point-free 
theorem [43], which implies that Conjectnre l4.13l is true when X is projective 
and [a] E (i7^’^(A,M) n H'^{X,Q)) (g) M =: NS\X,R). In fact, in this 
case the class [a] even has a smooth semipositive representative, and Tian 
conjectures in [73] that this is the case also in the setting of Conjecture 14.131 
Interestingly, these two conjectures are equivalent: 


Proposition 4.14. 


Conjectures \4.1S\ and \4.13\ are equivalent. 


Proof. Assume Conjecture 14.121 Given [a] a nef class such that [a]-|-Aci(A) 
is a Kahler class, fix a Kahler metric ujq in this class. Since Conjecture 14.131 
is trivial if [a] is Kahler, we may assume that [a] is on the boundary of the 
Kahler cone. Then the Kahler-Ricci flow (jl.ip starting at ujq has a solution 
defined on the maximal time interval [0,T) where T = ■^. We choose the 
representative a = ujq — TRic(a;o) of the class [a], and as before we let 
Coi = ^((T — t)LjjQ -\- ta) and x = ^{ot — ujq). Since we know that (p{t) ^ C 
on A X [0,T), we get a uniform bound for ip{t), independent of t. Then 

a + V^ddLp{t) =6jt + '/^dd(p{t) + {T - t)x = w(t) -I- (T - t)x > {T — t)x, 
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and (T — t)x goes to zero smoothly as t —)• T. This proves that a closed 
positive current with minimal singularities in the class [a] has bounded 
potential. 

Conversely, assume a closed positive current with minimal singularities 
in the class [a] has bounded potential, and consider a solution of (jl.ip with 
a singularity at time T < oo. After writing the flow as (14.ip as before, we 
compute for any e > 0 

{{(f + (T - t)(p + nt) + s{ip -tip + nt) - rje) 

= tr^p)(a + £1^0 + \f^ddr]e) ^ 0, 

and so by the minimum principle (together with % ^ C, independent of e) 
we obtain 

{{lP + (T — t)ip + nt) + e{(p -t(p + nt) — r]^) ^ -C, 
or in other words 

(1 + e)p> + (T - t - £t)(p ^ r]^ — C ^ -C, 

using that % ^ —C, independent of e. We can then let e ^ 0, and recalling 
that if ^C, we finally obtain ip ^ —C on A x [0,T). □ 

The following can be viewed as partial progress towards Conjecture 14.121 
(which would be the same statement with n = 0). 

Proposition 4.15. For every n > 0 there is a constant Ci, > 0 such that 

ip^ ni/j - Cl,, 

on X X [0, T). 

Proof. Since the class [a] is nef, for every n > 0 there is a smooth function 
Pi, such that a + y/—lddpi, ^ —neojQ, where e is as in Theorem 14.91 Then 
away from Null (a) we have 

a + + (1 — v)pi,) ^ 

As in (j4.4l) it follows that 

(4.5) Qjt + y/^dd{nif + (1 - v)pi,) ^ 

on A\Null(a), provided t E \T — 5,T + 5\, for some <5 > 0. For simplicity 
write = vif + {1 — iy)py, and let 

Q = p - ipu + At, 

where A > 0 is a constant to be determined. The function Q is smooth on 
(A\Null(a)) X [0,T), equal to +oo on Null(a), and is bounded below on X 
for each fixed t E [0, T). Therefore Q ^ —C holds on A x [0, T — (5], for some 
uniform constant C. 

Our goal is to show that in fact Q ^ —C on A x [0,T). Given T' E 
(r — 6, T) suppose that the minimum oi Q on X x [T — 6, T'] is achieved at 







KAWA LECTURE NOTES ON THE KAHLER-RICCI FLOW 


35 


a point {x,t), with t G (T — S,T']. We must have x 0 Null(a), and so at 
{x,t) we have, using (j4.5p . 


ag {uJt + V^dd'tpi, + V^ddQ)^ 

= -Jn-+ 

> log ^ ^ 


n 


^ log 


'-too 


n 


+ A^-C + A>0, 


provided we choose A > C. This contradiction shows that the minimum of 
Q on X X [T — 6, T'] is achieved at time T — 6, where we have Q ^ —C. 
Since T' < T was arbitrary, we conclude that Q ^ —C on X x [0,T), which 
is what we wanted to prove. □ 


4.4. Expected behavior at noncollapsed finite time singularities. 

Next, we discuss what is expected to hold in the case of finite time non¬ 
collapsed singularities. Recall that in this case the limiting class [a] = 
[wo] ~ 2ttTci{X) is nef and big (i.e. > 0), and that singularities form 

precisely along the proper analytic subvariety Null(a) C X, by Theorem 

1431 

Conjecture 4.16. Let X he a compact Kdhler manifold and [a] a nef and big 
(1,1) class which is not Kdhler and such that [a] -t-Aci(X) is a Kdhler class 
for some A > 0. Then every irreducible component o/Nu11(q:) is uniruled. 

If X is projective and [a] G NS^{X,'M.) this follows from the base-point- 
free theorem |43] together with |42l Theorem 2]. This conjecture is not hard 
to prove when n = 2, see [Ml 3.8.3]. 

An even stronger statement, which is true in the projective case, is this: 

Conjecture 4.17. Let X be a compact Kdhler manifold and [a] a nef and 
big (1,1) class which is not Kdhler and such that [a] -|- Aci(X) is a Kdhler 
class for some A > 0. Then there is a bimeromorphic morphism n : X ^ Y 
onto a normal Kdhler space Y such that Exc(7r) = Nu11(q:) and [a] = 7r*[a;y] 
for some Kdhler class [ojy] on Y. 

If this is the case, then tt*ujy is a smooth nonnegative representative of 
[a]. This conjecture is easy to prove when n = 2 (see again [Ml 3.8.3]), and 
when n = 3 the recent results in [39] show that this holds in many cases, 
but it seems that more work is needed to prove this in general when n = 3. 

In general the singularities of Y may be very bad, and it may not be possi¬ 
ble to define a solution of the Kahler-Ricci flow on Y, even in a weak sense. In 
this case it is expected (see [661 162 1 149]) that there is another normal Kahler 
space Y' bimeromorphic to X, with Kahler metric wy' and with reason¬ 
able singularities, such that the metric completion of (X\Nu11(q:),cut) (the 
smooth limit provided by Theorem 14. 3p is isometric to the metric comple¬ 
tion of (Yf.^g,ujY'), and so that the Kahler-Ricci flow can be defined starting 
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at ijjyi (in a weak sense, cf. [IHl [66]), and that the whole process is con¬ 
tinuous in the Gromov-Hausdorff sense. The only case when this has been 
established is when n = 2, by Song-Weinkove [69l [70]. 

4.5. Expected behavior at collapsed finite time singularities. Lastly, 
we discuss what is expected to hold in the case of finite time collapsed 
singularities. In this case the limiting class [a] = [wq] — 27rTci(X) is nef but 
not big, i.e. a”" = 0, and we know that singularities form everywhere on 
X, by Theorem 14.51 

We will say that the manifold X admits a Fano fibration if there is a 
surjective holomorphic map f : X ^ Y with connected fibers, where Y is 
a compact normal Kahler space (the reader may wish to assume that Y is 
a compact Kahler manifold) with 0 ^ dimK < dimX and such that for 
every fiber T of / we have that —Kx\f is ample. In this case the generic 
fiber of / is a Fano manifold of dimension dimX — dimK, but there may be 
some singular fibers. The simplest example of a Fano fibration is when Y 
is a point, and X is a Fano manifold. Other simple examples are obtained 
by taking X = F x Y where F is a Fano manifold and Y is any compact 
Kahler manifold. 


Conjecture 4.18 ([84]1. Let X^ be a compact Kahler manifold. Then there 
exists a Kahler metric ujq such that the Kdhler-Ricci flow a develops a 
finite time collapsed singularity if and only if X admits a Fano fibration 
f : X ^ Y. In this case, we can write 

(4.6) [u;o] = Xci{X) + r[wY], 

for some Kahler metric ojy on Y and some A > 0. 


The “if” direction is elementary, thanks to (14.6p . Indeed, the evolving 
class along the flow is 




[wo] - 27rtci{X) = f*[u}y] -h (A - 27rt)ci(X) 



N] + 


For 0 ^ t ^ this is a sum of a Kahler class and a nef class, and so it is 
Kahler, while for t = -^ this equals f*[ojy] which is nef but not Kahler. It 
follow from Theorem ED that the maximal existence time is T = ^ < oo 
and the limiting class is f*[LOy]. Since we have J^{f*ujy)^ = 0, it follows 
that the flow is collapsed at time T. 

The “only if” direction is known if X is projective and [wq] G NS^{X,W), 
thanks to the base-point-free theorem and the rationality theorem |43] . It is 
also known when n ^ 3 thanks to |84j (which uses as a key ingredient [40] ). 

Assuming Conjecture [4T8l it is then expected that the solution Lo{t) of the 
Kahler-Ricci flow (II.ip will converge to f*ujy as t ^ T, in a suitable sense, 
for some Kahler metric uiy on Y. This is proved in [63| when f : X ^ Y 
is a submersion, with fibers projective spaces, but the convergence is rather 




KAWA LECTURE NOTES ON THE KAHLER-RICCI FLOW 


37 


weak. The difficulty in attacking this problem is that in general ojy will not 
be a “canonical” metric on Y (e.g. Kahler-Einstein). 

Lastly we mention a related conjecture, raised by Tian m Conjecture 
4.4] (see also [HI]!. 

Conjecture 4.19. Let {X^,ujq) he a compact Kdhler manifold, let u}{t) he 
the solution of the Kdhler-Ricci dni), defined on the maximal time interval 
[0,T) with T < oo. Then as t ^ 0 we have 

(4.7) diam(X, a;(t)) —)■ 0, 
if and only if 

(4.8) [cuo] = Aci(X), 
for some A > 0. 

Condition (jlT]) is equivalent to assuming that {X,uj{f)) converges to a 
point in the Gromov-Hausdorff topology, and is called “finite time extinc¬ 
tion” . Conjecture 14.191 predicts that finite time extinction happens if and 
only if the manifold is Fano and the initial class is a positive multiple of 
the first Chern class. The “if” direction follows from work of Perelman (see 
[57]), who proved the stronger result that diam(X,u;(t)) ^ C{T — t)^, as¬ 
suming (|4.8jl . If [cjo] G H‘^{X,Q) (so X is projective), then Conjecture 14.191 
was proved by Song m. and when n ^ 3 it was proved in |84j . 

Note that if ()4.7p holds then the flow exhibits finite time collapsing at 
time T. Indeed, if this was not the case then the limiting class [a] would 
be nef with oY > 0, and so Theorem 14.31 shows that on the open set 
X\Null(a) we have smooth convergence of wifi) to a limiting Kahler metric 
wt, and so the diameter of (X,u;(t)) cannot go to zero. In fact, it is proved 
in [84] that in general Conjecture 14.181 implies Conjecture 14.191 

5. Long time behavior 

5.1. Kahler-Ricci flows with long time existence. Let (X, wq) be a 

compact Kahler manifold and let oj{t) be the solution of the Kahler-Ricci 
flow (II.ip starting at wq, defined on the maximal time interval [0, T). As 
we saw in Corollary 13.21 we have T = oo if and only if —ci(X) is a nef class 
(i.e. —ci(X) G Cx)- Since ci{Kx) = —ci(X), in this case we also say that 
the canonical bundle Kx is nef, or that X is a (smooth) minimal model. In 
this section we will always assume that this is the case. 

The goal of this section is to analyze the behavior of the flow as t —>■ oo, 
and more specifically to investigate the convergence properties of the metrics 
a;(t), or of the rescaled metrics as t ^ oo. 

Chronologically, the first result along these lines is the following. 

Theorem 5.1 (Cao [6|). If ci(X) = 0 in 77^(X,R) then as t ^ oo the 
metrics uj{t) converge smoothly to the unique Ricci-flat Kdhler metric Woo 
in the class [wo]. 
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For a detailed exposition of the proof of this result, see for example [Ml 
Theorem 3.4.4], In fact the convergence is exponentially fast in all norms, 
see e.g. [831 Proof of Theorem 1.5] and |55]. Next, we have: 

Theorem 5.2 (Cao [6], Tsuji [85]). If —ci{X) G Cx then as t —>■ oo the 
rescaled metrics converge smoothly to the unique Kohler-Einstein metric 
iVoo on X which satisfies Ric(woo) = —uJoo- 

More generally, we have: 

Theorem 5.3 (Tsuji [85], Tian-Zhang [71]). If—ci{X) G Cx and f^{—ci{X))^ > 
0, then there exists a Kdhler-Einstein metric ujoo on X\Null(—ci(X)) which 
satisfies Ric(woo) = —oJoo, such that for any initial Kdhler metric wq, the 
rescaled metrics converge smoothly on compact subsets o/X\Null(—ci(X)) 
to Woo as t —>■ oo. 

Further properties, which we will not discuss, were established in 1741 [Ml 

[701 [Ml Eg. 

We now give the proof of Theorem 15.31 which will also give as a special 
case Theorem 15.21 where we have that Null(—ci(X)) = 0. The uniqueness 
statement in Theorem 15.21 is stronger than the one in Theorem 15.31 but its 
proof is much easier, and is left as an exercise. 


Proof. Since the convergence is for the rescaled metrics , it is convenient 
to renormalize the flow as follows: 


(5.1) 


^w(t) = -Ric(a;(f)) 
w(0) = Wo 


w(t) 


Note that if w(s) solves (jl.ip then w(t) = solves (|5.ip with the new 
time parameter t = log(l + s), and conversely if w(f) solves (|5.ip then 
w(s) = e*w(t) solves (|l.ip with the new time parameter s = e* — 1. It follows 
that (15.ip is also solvable on [0, oo), and that the goal is now to show that 
the solution w(t) of (j5.ip satisfies 


(5.2) oj{t) —7> Woo, 

in C['^(X\Null(—ci(X))) as t ^ oo, and that the limit Wqo is Kahler- 
Einstein and independent of the initial metric wq. 

The cohomology class of the solution w(t) of (15.11) is 

[w(t)] = e“‘[wo] - (1 - e“*)27rci(X). 

Fix now any closed real (1,1) form p cohomologous to — 27rci(X), a smooth 
positive volume form Cl with Ric(n) = —r], and let 

ujt = e“‘wo + (1 - e~^)r]. 
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These are reference forms (not necessarily positive) cohomologous to u}{t). 
We claim that (jh.ip is equivalent to 


(5.3) 


^f(t) = log-jj- ^(t) 


<^( 0 ) = 0 

_ ojt + '/^ddip{t) > 0 . 

Indeed, if if{t) solves (j5.3p and we define Lj{t) = cbt + y/—lddif{t), then 


^w(t) = + V^ddifit)) 

= —Wi + rj — Ric(w(t)) + Ric(n) — y/^ddip{t) 
= —Ric(a;(t)) — u}{t), 


and (I5.1jl holds. Conversely, if Lo{t) solves (15.ip . we define ip{t) by solving 
the ODE 

= logip{0) = 0, 

and compute 

d — 

— {e^{ui(t) — ujt — '/-^ddip{t))) = e*(—Ric(a;(t)) + Ric(a;(t))) = 0, 

and since {e^{uj{t) — uJt — 'J—l-ddip{t)))\t=o = 0, we conclude that a;(t) = 
Cot + \/—'\-ddi^{t) for all t, and (|5.3I) holds. 

We now apply Theorem 14.91 and obtain an upper semicontinuous 
function xjj : X ^ M.U {—oo}, with supjjj'V' = 0, which equals —oo on 
Null(—ci(W)), which is finite and smooth on X\Null(—ci(X)), and such 
that 

r] + V^ddtp ^ eujQ, 

on X\Null(—ci(X)), for some e > 0. 

We remark that in fact in this case (since [q] = 27rci(Rrx)) the result of 
Theorem 14.91 was already known before, thanks to [531185j (this is known as 
“Tsuji’s trick”). Also, in the setting of Theorem 15.21 since —ci(A) G Cx, 
we can choose t/ to be a Kahler form, and '0 identically equal to 0, and in 
this case the forms uit are all Kahler. 

First, we show that 


(5.4) 


ip{t) ^ C, 


on A X [0, oo). This is a simple consequence of the maximum principle since 
at any maximum point of (p (for t > 0) we have 


0<|v = log 


(wt + y/^ddip{t)y 

n 


LO 


- <p{t) ^ log — - ^>{1) - ip{t), 


using that at a maximum point <^t + y/—l-ddip{t) > 0, and we are done. 
Next, we show that 


(5.5) 


(p{t) ^ C(1 + t)e \ 
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on X X [0, oo). Indeed we compute 

= 0(0 


n + 


0(t) = -0(t) - e *tr^(t)Wo + e 

((e* - l)if{t) - ip{t) - nt) = -tr^(t)a;o < 0, 
and so the maximum principle gives 

(e* — l)0(t) — (^(t) — nt ^ 0, 

which together with (15.411 gives (15.511 for t ^ 1 (and it is clear that (15.511 
holds for 0 ^ ^ 1). 

Next, we show that there is a constant C > 0 such that 


(5.6) 


ip{t) + ip{t) - C, 


on A X [0, oo). Consider the quantity 

Q = ^{t) + 0(0 - 0 - 


The function Q is lower semicontinuous (hence bounded below) and it ap¬ 
proaches -|-oo as we approach Null(—ci(A)), and so it achieves a minimum 
at {x,t), for some t > 0 and x 0 Null(—ci(A)), and at this point we have 


0 ^ Q = + v^990) - n ^ etr^(t)Wo - 


n 


> ne 


UJn 


u:{ty 


— n ^ C 


<p(t)+ip(t) 


- n, 


and so (pit) -|- 0(0 0 —C, which implies that Q ^ —C since 0^0, and this 
shows ra . 

Next we show that 


(5.7) tr^o‘^(^) ^ C'e , 

on A X [0, oo). For this, we compute using (j3.24p 

- A^ (logtr^ow(0 - ^(<^(0 + 0(0 - 0)) 

^ C'tr^(qWo + An- Atr^(t)(?? -h V^ddtp) 

^ + C, 

on A\Null(—ci(A)), provided we choose A > 0 large enough. Therefore at 
a maximum of this quantity (achieved at {x,t) with t > 0, and necessarily 
with X 0 Null(—ci(A))), we have 


tra;(t)Wo ^ C. 
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We now use the elementary inequality 

which can be proved by choosing coordinates so that at a point wq is the 
identity and co{t) is diagonal with eigenvalues Xj > 0, so that it reduces to 




1 

(n — 1)! 



which is obvious since each term on the LHS appears in the RHS, and all 
other terms on the RHS are positive. We conclude that at our point of 
maximum we have 

tr™a,(i) < < C, 

Wq UJq 

using ()5.4I) and (|5.5I) . Combining this with (15.6p it follows that 


logtr^oa;(t) - + ip{t) - ip) ^C, 

at the maximum and hence everywhere, and this (using (|5.4I) . (|5.5I) again) 
implies (15.71) . But note that 

using dES]), and so given any compact subset K C X\Null(—ci(X)) there is 
a constant Cx such that 

(5.8) C^^ujo ^ uj(t) ^ Ckujo, 

holds on K x [0,oo). The higher order estimates in Theorem 13.111 give that 

ll‘^(^)llc''(A',go) ^ CK,k, 

for all t ^ 0, A: ^ 0, up to shrinking K slightly. These estimates in turn 
imply that the function 


is uniformly bounded in C^{K,ijJq) for all /c ^ 0. But (15.4p . (15.5p and (j5.6p 
imply that (p{t) is uniformly bounded on K (by a constant that depends on 
K but is independent of t) and elliptic estimates (as in the proof of Theorem 
13.6|) give 

( 5 - 9 ) \\‘P{t)\\ck(^x,ijjo) 

for all t ^ 0, /c ^ 0, up to shrinking K again. Now for t ^ 1, dSS]) gives 

<^(t) ^ Cte~^, 


and so 


+ Ce *(1 + t)) = (p{t) - Cte * ^ 0. 
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The function ^p{t) + Ce~^{l+t) is thus nonincreasing and uniformly bounded 
from below on compact subsets of X\Null(—ci(X)), and so as t oo the 
functions ip{t) converge pointwise on X\Null(—ci(X)) to a function ipoo-, 
which thanks to (j5.9j) is smooth and in fact ip{t) ip^o in (X\Null(—ci(X))). 
Also ()5.8p shows that Woo '■= r] + y/—lddipoo is a smooth Kahler metric 
on A\Null(—ci(Ai)). The flow equation (15.311 implies that ip{t) also con¬ 
verges smoothly to some limit function. Now, since ip{t) converge smoothly 
to (foo on compact subsets of X\Null(—ci(A)) it follows that given any 
X E A\Null(—ci(Ai)) there is a sequence —)• oo such that ip{x,ti) —)• 0. 

But since (p{t) converges smoothly on compact sets to some limit function, 
it follows that (p{t) —)• 0 in (A\Null(—ci(Ai))). Taking then the limit as 
t —)• oo in (|5.3p we obtain 


1 

0 = log — - p>oo, 

on A\Null(—ci(A)). Taking of this, we finally obtain 

RicPwoo) = -r] - = -Woo- 


Lastly we show that the limit cuoo is independent of the initial metric (Uqo, 
following m- The first observation is that since the functions are 

uniformly bounded (thanks to (j5.4p . (jS.Sp i and converge to e‘^°° pointwise 
a.e. on A, the dominated convergence theorem implies that 

lim [ 

t->-00 J^ J^ 

where we extend (poo by zero on Null(—ci(A)), but at the same time 

lim [ lim [ = [ (-27rci(A))" > 0, 

t^oo J^ t^oo J^ 

and so is independent of the initial metric wq- If I® another 

Kahler metric on X, consider the flow (j5.1h starting at loq + <Vq, which is 
equivalent to the parabolic complex Monge-Ampere equation 


(5.10) 


^ (/p'(0) = 0 

_ -|- ^/^dd(p'(t) > 0 , 


<p'(t) 


where the reference forms are now 


ti)( — e ^(coq -|- luq) -|- (1 — e ^)rj — -1- e *Wg. 
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Therefore the difference ip{t) — ip'{t) satisfies 

' ^ +y^dd{ip{t) - ip'jt))) 

8 {Cj[ + y/^dd^{t)Y 

< - {^{t) - {t)) 

{ip-ip'){Q) =0 

, U}[ + y/^dd{^p{t) - > 0, 

and at a maximum of ip{t) — achieved at time f > 0, we obtain 

ip{t) - ip'{t) ^ 0, 

and so ip{t) ^ Yi't) holds for all t ^ 0. Passing to the limit we obtain 

‘foo ^ V^OO) 

on X\Null(—ci(X)) and since, as remarked earlier, 



this implies that ifoo = Yoo on X, and therefore everywhere on X\Null(—ci(X)) 
where these functions are smooth. 

This shows that the limits of the flow starting at uq and ujq + ujq are the 
same, and by symmetry we obtain the same statement for wq and cuq. □ 

5.2. Semiample canonical bundle. Combining Theorems 15.11 15.21 and 
[01 we see that the only case left to study (when T = oo) is when —ci{X) G 
dCx, = 0, and —ci{X) is not the zero class. This is the hardest 

case, and in general not much is known. However, a widely-believed con¬ 
jecture in algebraic geometry (or rather, its direct generalization to Kahler 
manifolds), called the Abundance Conjecture, predicts that if A is a com¬ 
pact Kahler manifold with Kx nef, then Kx is semiample. This means that 
there exists i ^ 1 such that for every given point x G A we can find a section 
s G H^{X,K®^) such that s(x) / 0 (i.e. is base-point free). 

From now on, inspired by the Abundance Conjecture, we will make the 
assumption that Kx is semiample (which automatically implies Kx nef, 
see below). Then it turns out that one can say a lot about the behavior 
of the flow. The reason is that using sections of K®^ we may define a 
holomorphic map / : A —)■ CP'^, where N = dim.H^{X, A®^) — 1, by fixing 
a basis {sq, ..., sat} of H^{X, A^^) and mapping a point x G A to the point 
[so(a:) : ••• : SAr(x)], which is a well-defined point in CP'^ because these 
sections have empty common zero locus, by assumption. Also by definition 
of / we have that f*0^jpN{l) = A®^. In particular, if wps denotes the 
Fubini-Study metric on CP'^, then jf*uJFs is a smooth semipositive (1,1) 
form which represents — ci(A). We conclude that — ci(A) G Cx, i-e. that 
Kx is nef. 




44 


VALENTINO TOSATTI 


By the Proper Mapping Theorem (see [.SOt p.34]), the image f{X) is an ir¬ 
reducible analytic subvariety Y of i.e. an irreducible algebraic variety. 
Provided we replace ^ by a suitably high multiple of it, we have that the map 
/ : X —)• y has connected hbers, Y is normal (see m Theorem 2.1.27, Ex¬ 
ample 2.1.15]) and the dimension of Y equals the Kodaira dimension k{X) 
of X (see [50l Theorem 2.1.33]). 

We now split into cases depending on the Kodaira dimension k{X). 

5.3. The case k{X) = 0. The first case is k{X) = 0, where we need the 
following well-known lemma. 

Lemma 5.4. Let X be a compact Kdhler manifold with Kx semiample. 
Then the following are equivalent: 

(a) k{X) = 0 

(b) ci(X) = 0 in H^{X,R) 

(c) There exists k ^ 1 such that = Ox is holomorphically trivial. 

In fact, without the assumption that Kx be semiample, it remains true 
that (6) (c) ^ (a), while the implication (a) ^ (b) is false. In this case, 

the only hard implication is (6) ^ (c), and we refer the interested reader to 
for example. 

Proof. The implication (c) ^ (6) is trivial. First we show that (a) ^ (c). 
The assumption that k{X) = 0 is equivalent to the fact that dim H^{X, K^) ^ 
1 for all fe ^ 1, and is equal to 1 for at least one value of k. Choose k large 
enough so that is base-point free. Then we must have dim H^{X, K^) = 
1, and if s G H^{X, is a nontrivial section then necessarily s is never 

vanishing. This means that = Ox is holomorphically trivial. 

Next, we show that (b) (a). Fix a smooth metric h on Kx and a 

Kahler metric oj on X. The curvature Rh of h is a closed real (1,1) form 
cohomologous to ci{Kx) = —ci(X) = 0, so 

[ tr^i2/iw” = n [ ARh = 0, 

Jx Jx 

and so we can find a smooth function u such that = tr^ii/^. Therefore 
the smooth metric h = e^h on Kx has curvature 7?^ = R^ — \/—lddu 
which satisfies tr^j Rj^ = 0. Given any k ^ 1 and any s G H^{X, K^^), let 
be its pointwise length squared with respect to the metric hf. Then a 
straightforward calculation gives 

A^jIs]^ = iVs]^ — k\sftTujRj^ = jVs]^ ^ 0, 

where V is the Chern connection of the metric h^ on K®^. By the strong 
maximum principle this implies that is constant, and so jVsj^ is identi¬ 
cally zero, i.e. the section s is parallel. This implies that dim 77*^(X, X®^) ^ 

1, because if we have two global sections si,S 2 , given a point x G X there 
exists A G C such that si(x) = As 2 (a;) (up to switching si and S 2 )) and 
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since they are both globally parallel we must have si = As 2 globally. We 
have therefore shown that k{X) ^ 0 (without using that Kx is semiample). 
Since Kx is semiample, we have H^(X, ^ 0 for some £ ^ 1, and so 

k{X) = 0. □ 

So, under our assumption that Kx is semiample, if k{X) = 0 then The¬ 
orem 15.11 applies. 

5.4. The case k{X) = n. The second case is when k,{X) = n = dimX. 
Recall that since Kx is semiample, we have a holomorphic map f : X ^ 

such that /*C)j.pjv(l) = for some 1. 

If, as before, we let Y = f{X), which is an irreducible algebraic variety of 
dimension n, then the map f : X ^ Y has connected fibers and the generic 
fiber has dimension 0, i.e. it is a bimeromorphic morphism. It follows that 
we have 

[ {-c,{x)r= [ c,{Kxr = r^ [ c,{ro„.{i)r 
Jx Jx Jx 

since the last term is (up to a positive constant) equal to the volume of the 
regular part of Y with respect to the restriction of wpsi the Fubini-Study 
metric on CP'^. 

Therefore, either we have —ci{X) G Cx, in which case Theorem 15.21 ao- 
plies, or otherwise we have —ci{X) G dCx and f^{—ci{X))^ > 0, and 
Theorem 15.31 applies. 

5.5. The case 0 < k{X) < n. The third and last case to study is thus 0 < 
k{X) < n. Let Ysmg be the singular locus of Y, which is a proper analytic 
subvariety of Y, and Weg = Y\Ysing its regular locus, so Weg is a connected 
complex manifold of dimension k{X). Also, f~^{Ysing) is a proper analytic 
subvariety of X, and so / : X\f~^ (Yging) Yreg is a surjective holomorphic 
map between complex manifolds, with compact connected fibers. Let S' <ZY 
be the union of Yging together with the critical values of / : X\f~^{Ysing) 
Yreg (1-6. the images of all points x G X\f~^ (Yging) such that dfx is not 
surjective). Then S' is a proper analytic subvariety of T, 5 = f~^{S') is 
a proper analytic subvariety of X, and / : X\S Y\S' is a (surjective) 
holomorphic submersion between complex manifolds, and all the fibers Xy = 
f~^{y),y G Y\S' are connected compact complex manifolds of dimension 
equal to n — k{X). Informally, we will refer to S as the set of singular fibers 
of /, and to the fibers Xy = f~^{y),y G Y\S' as the smooth fibers, although 
this is not strictly speaking correct. 

Recall that the map / has the property that = /*Oj.piv(I), which 
implies that for every y G Y\S' we have K^^\xy — Oxy- However, since / is 
a submersion in a neighborhood of Xy, we have the adjunction-type relation 
Kxy — Kx\xy (see Lemma ElSl below), and so it follows that iL®^ = Oxy, 
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and so in particular ci{Xy) = 0 in This means that the smooth 

fibers are Calabi-Yau manifolds, and so X is a fiber space over Y with generic 
fiber a Calabi-Yau (n — K(X))-fold. 

So we have seen that assnming that Kx is semiample has provided us with 
a fibration structure on X (and in fact, one can also view the existence of this 
fibration as being an equivalent statement to the Abundance Conjecture). 
This is a major advantage over the “general” case when one only assumes 
that Kx is nef (i.e. T = oo). 

Our goal is the following result, which generalizes earlier work of Song- 
Tian [MIES] and Fong-Zhang [22] (see also [76]i: 

Theorem 5.5 (T.-Weinkove-Yang [82], T.-Zhang [83|). Let (X, wq) he a 
compact Kdhler manifold with Kx semiample and 0 < k{X) < n, and let 
f : X ^ Y be the fibration we just described. Let co{t),t G [0,oo) be the 
solution of the Kdhler-Ricci flow (HI) starting at ojq. Then as t ^ oo we 
have 

(5.11) ^ ^ ra;y, 

in C'jq^(X\5), where toy is a Kdhler metric on Y\S' which satisfies 

(5.12) Ric(a;y) = —ujy -|- (Vwp, 

and cJwp is a smooth semipositive (1,1) form on Y\S'. Furthermore, for 
any given y G Y\S' we have 

(5.13) Lo{t)\xy ^ ujy, 

in C°°{Xy), where Uy is the unique Ricci-flat Kdhler metric on Xy in the 
class [uJollxy 

Lastly, if S = tb (i.e. Y is smooth and f is a submersion) then (X, ^^^) 
converge to (Y,cuy) in the Gromov-Hausdorff topology, as t ^ oo. 

The Weil-Petersson form cawp measures the variation of the complex 
structnres of the smooth Calabi-Yau fibers, and it is identically zero when¬ 
ever all the fibers Xy are biholomorphic to each other (see Proposition 15.7p . 

In the setting of Theorem 15.51 Song-Tian [641 [65] had earlier proved that 
(|5.1ip holds in the weak topology of cnrrents, in the topology of Kahler 
potentials, and when n = 2 also in the topology of Kahler potentials 
(for 0 < a < 1). This was then extended to all n in [22] (cf. [76]), bnt 
note that this convergence falls short of the one obtained in Theorem 15.51 
As we will see in Theorem 15.241 if the smooth fibers Xy are tori (or finite 
quotients of tori) then in fact (15.111) holds in the C'['^(X\5) topology thanks 
to [22] [28l [Ml EHl [83], and this is expected to hold in general. 

We also mention that in the setting of Theorem 15.51 it was proved in 
[67] that the scalar curvature of remains uniformly bounded. It is 

also conjectured that in this same setting, assuming S' / 0, then (X, ^^) 
converge to the metric completion of {Y\S',ujy) in the Gromov-Hausdorff 
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topology, as t —)• oo. This is completely open even in the simplest case when 
n = 2,k{X) = 1, and in fact we do not even know whether these metrics 
have uniformly bounded diameter, see Section [6l 

5.6. General facts about holomorphic submersions. Before we begin 
the proof of Theorem 1 5.5 1 we need to discuss a few results about holomorphic 
submersions. For simplicity of notation we will write m = k{X). To avoid 
excessive technicalities, we will assume that S is empty, or in other words 
that y is a smooth projective manifold and the map / : X —)• T is a 
submersion. In the general case one argues along the same lines, but with the 
extra complication of having to introduce a suitably chosen cutoff function 
in essentially all the estimates (see [82] for details). The only estimates 
which are substantially harder to obtain are the uniform bounds for y? 
and ip (which in general are weaker than those obtained in Lemma 15.111) . 
Also, by assuming that S = 0, we will in fact be able to conclude that the 
convergence in (15.111) and (15.131) is exponentially fast. 

Note that the fibers Xy (which are now all smooth) are all diffeomorphic to 
each other (by Ehresmann’s Theorem [461 Theorem 2.4], which implies that 
/ is a smooth fiber bundle), but in general are different as complex manifolds, 
so the term wwp will not be zero in general. In other words, / is in general 
not a holomorphic fiber bundle (by the Fischer-Grauert theorem [2T], / is 
a holomorphic fiber bundle if and only if all fibers Xy are biholomorphic to 
each other). However, if dimXj^ = 1, so that the fibers are elliptic curves, 
then necessarily / is a holomorphic fiber bundle, since elliptic curves are 
classified by their j-invariant, which in our case defines a holomorphic map 
j ; y —C which must be constant since Y is compact. 

A useful fact, which we will use extensively, is that on the total space 
of a holomorphic submersion we can always find local holomorphic product 
coordinates. 

Lemma 5.6. Let f : X^ — >■ he a holomorphic submersion between 

complex manifolds. Then given any point x £ X we can find an open set 
U 3 X and local holomorphic coordinates (zi,..., Zn) on U and {yi ,..., ym) 
on f{U) such that in these coordinates the map f is given by {zi,, Zn) 
{zi,..., Zm). If f is proper with connected fibers, then the canonical bundle 
of every fiber Xy = f~^{y) satisfies Kxy = Kx\xy • 

Proof. The existence of local holomorphic product coordinates is a simple 
consequence of the implicit function theorem for holomorphic maps (see e.g. 

[Ml p.60]). 

If / is proper with connected fibers Xy = f~^{y), then the adjunction 
formula (mi Proposition 2.2.17]) gives 

Kxy = Kx\xy ® det{Nxy/x), 

where Nxy/x is the normal bundle of Xy inside X. However this normal 
bundle is trivial, because its dual is globally trivialized by 

f*{dyi A-- - Adym), 
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where {yi ,..., ym) are local holomorphic coordinates on Y near y. □ 


In particular, using these local coordinates, we can view (zi,... ,Zm) as 
“base directions” and {zm+i, ■ ■ ■, Zn) as “fiber directions”, a fact that we will 
use very often. 

First, we define the Weil-Petersson form wwp- Recall that by construc¬ 
tion of the map / we have — Oxy- Let 'll be a local nonvanishing 

holomorphic section of /*(iL®^y), i.e. a family 'I'j^ G {Xy, , for y in 

some small open set U in Y, such that each is never vanishing on Xy, 
and the forms vary holomorphically in y. Here Kx/y — ® (/*Ry)* 

denotes the relative canonical bundle. On U we then define 


WwP 


= -V^ddiog ([ 

\ JXy 


('I/j, A vhj,) 


where A is a smooth positive volume form on Xy, 

defined as follows: in local holomorphic coordinates {zi,..., Zn-m) on Xy 
we can write 

^y = F{y, z){dzi A • • • A dzn-m)^\ 
where F is a nonvanishing holomorphic function, and we have 


'^y A^y = \F{y, z)\‘^{dzi A • • • A dzn-m A dzi A • • • A dzn-m)^^, 


{'i/y A '^y)'t = \F{y,z)\^tdzi A • • • A dZn-m A dzi A • • • A dZn-m, 

= \F{y,z)\^V^)"dziAdziA---AdZn-m/\dZn-m, 
and this is well-defined independent of the choice of coordinates. Note also 
that the volume form (\/—{^y A ^y)^ on Xy is Ricci-flat, in the 
sense that 

(5.14) V^ddlog(^{V^)^'^-^^\^yA%)i^ = jV^ddloglFl"^ = 0, 

because R is a never-vanishing holomorphic function. Furthermore, the 
Weil-Petersson form cawp is well-defined globally on Y, because if 4' is an¬ 
other local nonvanishing holomorphic section of /*(iF®^y), defined on an 

open set U <Z Y , then for all y G [/ H 17 (assuming this is nonempty) we 
have that 'hy and ^y are both nonvanishing sections of the trivial bundle 
and so there is a nonzero constant hy such that ^y = hy'^y on Xy. 
Since '^y and ^y vary holomorphically in y, then so does hy, i.e. it de¬ 
fines a local nonvanishing holomorphic function h on U r\U . But we have 
\/^Xdd\og |/ip = 0, and so cuwp is well-defined globally on Y. Also, we may 
take ^ to be the smallest positive integer such that holds (since 

y\.y y 

if we use multiples of this I, we obtain the same Weil-Petersson form). 

Although we will not use the following proposition, it is a useful fact to 
keep in mind. 
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Proposition 5.7. Let f : X ^ Y be a holomorphic submersion between 
compact Kdhler manifolds, with connected fibers, such that = f*L for 
some ^ 1, where L ^ Y is a holomorphic line bundle. Then the Weil- 

Petersson form cjwp on Y is semipositive definite, and identically equal to 
zero if and only if f is a holomorphic fiber bundle. 

Proof. The statements we need to prove are local on T, so we may assume 
that y is a ball in C"*, where L is trivial and so is also trivial. We 
may also assume that £ is the smallest positive integer such that this holds. 
We can then find an £-fold unramified connected covering t : X ^ X such 
that Kj^ = t*K®^ is trivial, see e.g. |26l Lemma 4.6] (connectedness follows 
from the fact that we took (. minimal). Then composing the map r with 
/ we obtain a holomorphic submersion f : X ^ Y. Its Stein factorization 
is X ^ Y A- y where y is a connected complex manifold (since X is 
connected), p is a holomorphic submersion with connected fibers, and q is a 
finite unramified covering of Y (see e.g. [25( Lemma 2.4]). Since y is a ball 
and y is connected, we conclude that g is a biholomorphism, and so we may 
assume that / has connected fibers Xy which satisfy Kj^ = Oj^ . The maps 

Xy —>■ Xy are also .^-fold unramified coverings, and the Weil-Petersson form 
for / equals the one for /. Furthermore, / is a holomorphic fiber bundle if 
and only if / is f |26l Lemma 4.5]). 

Therefore we may assume that Kxy — Oxy- For every y &Y there is a 
Kodaira-Spencer linear map py : TyY H^{Xy,T^'^Xy) (see [l6]), and the 
Weil-Petersson form at y is equal to the pullback under py of the inner 
product on {XyXy) defined using harmonic forms with respect to 
the Ricci-flat metric on Xy in the class [wo]|jVy; thanks to HD Theorem 2] or 
[23]. Therefore cjwp is semipositive definite (see also [26l Lemma 1.8] for a 
direct proof of this semipositivity), and identically equal to zero if and only 
if all the Kodaira-Spencer maps py are zero. But Serre duality, together 
with Kxy = Oxy, gives H\Xy,T^’^Xy) ^ H^-^{Xy,n],^) ^ H^^^-\Xy), 
and so this vector space has dimension independent of y. A theorem of 
Kodaira-Spencer m Theorem 4.6] then implies that the Kodaira-Spencer 
maps are all zero if and only if / is a holomorphic fiber bundle. □ 

It is instructive to see directly that if the map / is a holomorphic fiber 
bundle then the Weil-Petersson form is identically zero. Indeed, in this case 
all the fibers are biholomorphic to a fixed Calabi-Yau manifold F and we can 
find local trivializing biholomorphisms f~^{U) U x F, over all sufficiently 
small open sets U C Y, and using these we can then choose the forms 
as above to be independent of y G U, equal to the pullback to U x F of a 
fixed never vanishing section of Kp^. This way the integrals {'^y A 'Ly)'« 
do not depend on y, and so wwp = 0. 

We also have the following useful fact. 


50 


VALENTINO TOSATTI 


Proposition 5.8. Let f : X ^ Y be a holomorphic submersion between 
compact Kdhler manifolds, with connected fibers, such that = f*L for 
some £ ^ 1, where L ^ Y is an ample line bundle. Then the class 

-2tici{Y) + [wwp], 

is a Kdhler class on Y. 

Proof. The assumption that / has connected fibers is equivalent to f*Ox — 
Oy, and so the projection formula gives 

(5.15) MKf) ^ iMKf/y)) ® Kf. 

But the assumption = f*L implies 

UXy = 

and together with Lemma 15.61 we obtain = Oxy- 

Therefore dim H^{Xy, = 1 is independent of y E T, and Grauert’s 

theorem on direct images O Theorem 1.8.5] shows that 

(5.16) MKf/y) =■■ L', 

is a line bundle on Y . Since all the fibers of / have trivial , it follows 
that 

(5.17) Kf^rUKf) 

(see [21 Theorem V.12.1]). Indeed, note that 

hru{Kf) = hKf, 

thanks to the projection formula. If we denote by Li = ® if*f*{Kx^))* 

the “error term”, then we have that /*Li = Oy, and so H^{X,E) = 
H^{Y, f,fE) = C. Let e be a global trivializing section of f*E, and let 
s E H^{X,E) be the section which corresponds to e under this isomor¬ 
phism. If s vanishes at a point x ^ X, then the restriction of s to the fiber 
Xf(^x) is a holomorphic section of E\xy = = Oxy, the trivial bundle, 

so s\xy is a holomorphic function which vanishes somewhere, and hence it 
is zero since the fiber ^/(x) is compact. Therefore e vanishes at the point 
f{x), which is absurd. This shows that s is never vanishing, and so E is the 
trivial bundle, and this proves (15.171) . 

From (|5.15l) . (15.161) and (15.171) we conclude that 

(5.18) Kf ^ rUMKf^y)) ® Kf) ^ f*{L’ ® Kf). 

But we also have by assumption that = f*L, and so 

f*{L' ®Kf ®L*)^Ox, 

and pushing forward and using the projection formula we see that 
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which is ample, and so ci(L) E Cy- By definition, the smooth form £wwp 
is the curvature of a singular metric on L', and so [wwp] = ^ci{L'). We 
obtain that 


27r 

—27rci(y) + [i^wp] = 2ttci{Ky) + [iujwp] = —ci{L) E Cy, 


as claimed. 


□ 


5.7. Reduction to a parabolic complex Monge-Ampere equation. 

we again 


Since in Theorem 15.51 the collapsing is for the rescaled metric 
consider the normalized flow 


(5.19) 


d 

—a;(t) = -Ric(a;(t)) - io{t) 
w(0) = Wo 


The flow (|5.19|1 is also solvable on [0, oo), and (|5.1ip is equivalent to showing 
that the solution uj{t) of (I5.19p satisfies 


oo, and (|5.13p is equivalent to the statement that 




w. 




(5.20) 

in C^{X) as t 

(5.21) 

in C°°(Xy), where ujy is the unique Ricci-flat Kahler metric on Xy in the 
class [wo]|aj;- In fact, since we assume that 5 = 0, we will be able to show 
that convergence in ()5.20l) and ()5.21l) is exponentially fast. 

As usual, we would like to rewrite (I5.19P as an equivalent parabolic com¬ 
plex Monge-Ampere equation, but in order to obtain the convergence results 
in Theorem 15.51 we have to make a very careful choice of reference metrics, 
and we have to first derive several preliminary results. The Kahler class of 
the evolving metric oj{t) is now 

[w(t)] = e"‘[wo] - (1 - e"*)27rci(A). 


Since the fibers Xy are Calabi-Yau, thanks to Yau’s Theorem [89] for every 
y &Y there exists a unique smooth function py on Xy with = 0, 

and such that wolxy + V—^ddpy = ojy is the unique Ricci-flat Kahler metric 
on Xy in the class [wolxy]- Thanks to Yau’s a priori estimates for py in [89] . 
we see that the functions py depend smoothly on y, and so they define a 
global smooth function p on A (see also m Lemma 2.1]). We define 

‘^SRF = Wo -I- V^ddp. 

This is a closed real (1,1) form on X, which restricts to a Ricci-flat Kahler 
metric on all fibers Xy of /. It was first introduced by Greene-Shapere-Vafa- 
Yau |29] in the context of elliptically fibered K3 surfaces and “stringy cosmic 
strings”. For every rj Kahler form on Y, we clearly have that A 
is a smooth positive volume form on X. As a side remark, it would be 
interesting to know whether wsrf is semipositive definite everywhere on X. 
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The following two propositions are due to Song-Tian 

)• 


(see also 


Proposition 5.9. Given a Kdhler form rj on Y, then on X we have 

^rXdd\og{f*rr A = -/*Ric(r/) + /*a;wp- 

Proof. We choose local product coordinates as in Lemma 15.61 which we call 
{zi,..., Zn) oliU d X and {zi,..., Zm) on f{U) C Y. In these coordinates 
we write 


r] = ^ hijdzi A dzj. 

«j=i 

We choose a local nonvanishing holomorphic section 'ify of f^f{K^^iy) as 
before, with y G f{U), and define a smooth positive function on f{U) by 

n—m\ 

‘^SRF Iw 

This is well-defined because both A and 

are Ricci-flat volume forms on Xy (recalling (15.1411 ) and so their ratio is a 

constant on Xy. Then integrating u{y)ujgf^^\xy over Xy we see that 


u{y) = 


h 


CUq 


and so 


—'/^ddlogu = (Vwp + V-Xddlog f 


But the function y ^ jx constant on Y, because it equals the 

pushforward Tr^Wgj^^ and we have 

(5.22) dTT^LOgjf^ = = 0. 

Therefore 

(5.23) — log M = wwp • 

Writing as before 

4'y = F(y, z)(dzi A • • • A dzn-m)^\ 

with F holomorphic and nonzero, then we have 

(5.24) 

Try- A = Try™ A A (4/, A 

I 

and so 

\/^c?(91og(/*ry™' Awg^^) = V^ddlog (^\F\^ det(ry.j)^ - f*V^ddlogu 

= -/*Ric(ry) /*wwp, 

thanks to (15.23^ . □ 
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Proposition 5.10. There is a unique Kdhler metric ojy on Y which satisfies 

(5.25) Ric(a;y) = —wy + cij'\yp- 

Proof. Thanks to Lemma [5^ we know that —27rci(y) + [wwp] £ Cy, and 
so we can choose a Kahler metric rj in this class. Thanks to (15.181) . we have 
that 

27rci(X) = r(27rci(y)-[wwp]), 

and so we can find a smooth positive volume form Q' on X with Ric(n') = 
—f*r]. Consider then the smooth positive function on X given by 


We claim that G is constant when restricted to every fiber Xy of /. Indeed 
we can choose local product coordinates as in Lemma 15.61 and write 

m 

rj = ^ hijdzi A dzj, 

n 

E Qijdzi Adzj, 

Q! = H{y/—l)'^dzi A dzi A • • • A dzn A dzn, 
so that in these coordinates we have 


det(r/.j) det( 5 .j) ’ 
and so if we differentiate only along Xy we have 

y/^ddlogG = Ric(a;sRFUJ = 0, 

because f*ri and Ric(r2') are pulled back from Y, and wsreIxj, is Ricci-flat. 
Therefore G is the pullback of a smooth positive function on Y, still denoted 
by G. 

Thanks to Aubin [T] and Yau [89] there is a unique smooth function ip on 
Y such that r] + ^/—Iddtp > 0 and 

(5.26) {rj + = Ge^rT. 

If we let uoy = V T V^ddfi, then we can use Proposition 15.91 to compute 

(5.27) 

Ric(a;y) = —'/^ddlog G — + Ric(7y) 

= Ric(n') -|- y/^Xdd\og{f*irj^ A Wg^™) — + Ric(r/) 

= —Tj — Ric(r7) -|- wwp ~ yf—lddfi + Ric(77) 

= —UJy + WwP) 
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which is ()5.25p . Note here that the (1,1) forms Ric(O') and 

which as written are defined on X, are in fact pullbacks of forms on 
Y (the latter thanks to Proposition 15.91) . 

Conversely if wy solves (|5.25l) . then we obtain 


[cjy] = -27rci(y) + [wwp] = [v], 

and so wy = r] + ^Z—lddip for some smooth function i/;. We have 

V^ddlog = -Ric(a;y) - cuy + wwp = 0, 

using the same argument as in (j5.27P ' and so 

Uly 

a positive constant on Y. Replacing i/; with ijj + logc we may assume that 
c = 1, and so -0 solves (j5.26p . But (j5.26p has a unique solution, as follows 
easily from the maximum principle, and so ojy is also unique. □ 


Let now 

which is a smooth positive volume form on X. Combining Propositions 15.91 
and 15.101 we obtain that 

Ric(Ll) = -f*LJY. 

We define now reference forms on X 


ibt = e ^wsRF + (1 - e *)/*a;y, 


which are cohomologous to and are positive definite for all t ^ Tq 

(because f*ujY is positive in the base directions and zero in the others, and 
‘^SRF is positive in the fiber directions). In fact, there is a uniform constant 
C > 0 such that 

(5.28) ojt ^ C-^e-^oJo, 


for all t ^ Tq. Note also that 
(5.29) 

for all t ^ Tq. Then (|5.19p is equivalent to 




(5.30) 


^^(t) = log--^(f) 

(^( 0 ) = -p 

_ LOt + V^ddip{t) > 0 
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Indeed, if ip{t) solves (j5.30p and we define uj{t) = ut + then 

+ V^dd^it)) 

= —LUt + f*u;Y — Ric(a;(f)) + Ric(H) — 

= —Ric(w(f)) — uj{t), 


and (I5.19P holds. Conversely, if uj{t) solves (I5.19p . we define if{t) by solving 
the ODE 


^^(*)=log-^ 


ip{t), (/?(0) = -p, 


and compute 


d — 

— {e^{ui(t) — Cbt — '/^dd(p{t))) = e*(—Ric(a;(t)) + Ric(a;(t))) = 0, 


and since (e*(a;(t) — Cbt — V—^dd(p{t)))\t=o = 0, we conclude that u}{t) = 
ujt + y/—lddip{t) for all t (such that the solution exists), and p5.30p holds. 

Note that the factor of in p5.30p did not play any role in this 

derivation, and indeed it could be omitted at this moment, but it becomes 
crucial when discussing the long time convergence properties of the flow. 

As we mentioned earlier, the flow (15.301) has a solution defined on [0, +oo). 


5.8. estimates for the potential and its time derivative. 

Lemma 5.11. There is a uniform constant C > 0 such that for all t ^ 0 
we have 

(5.31) \^it)\^C{l + t)e-\ 


(5.32) \(p{t)\ ^Ce-^. 

Proof. First, we observe that for t ^ Tq we have 


(5.33) 


e* log 




n 


^c. 


Indeed, we have 

^(n-m)tQjn 


e log ■ 


i ^ gt log + (1 - e-^)ruYy 


n ° n 


= e* log 
= e* log(l + 0(e“*)) 


(m) f*^Y ^ ‘^SR™ 


which is bounded. We can then apply the maximum principle to e^(p{t) — At, 
for some constant A > 0 to be determined. At a maximum point, assuming 
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it is achieved at t ^ Tq, we have 


0 ^ - At) 

n 


^ log 


‘ l“g-si- 

^ ^ < 0 , 


A 


as long as we choose A > C, where we used (|5.33l) . Therefore we obtain a 
uniform upper bound for e^ip{t) — At, which proves that ^p{t) ^ C{1 + t)e“*, 
the upper bound in (|5.31l) . The lower bound is similar. 

In order to establish (I5.32p we first show that 


(5.34) 


\ip{t)\ ^ C. 


We apply the maximum principle to ip{t) — Aip{t), for some constant j 4 > 0 
to be determined. At a maximum point, assuming it is achieved at t ^ Tq, 
we have 

0 ^ i^it) - A(p{t)) 

= - cot) + n-m - (p{t) - Aip{t) + An - Ati^(t)<^t 

^ —(A + l)(f(t) + C, 


as long as we choose A large enough so that Aut ^ f*i^Y for all t ^ Tq, 
using (j5.29p . Since (pit) is bounded by (I5.31j) . we conclude from this that 
(pit) ^ C. 

For the lower bound on (p, observe that 




Co? 


= n 




{n—m)t^n ^ ^ 


n 




C-^e- 


y(t) 


using the arithmetic-geometric mean inequality, and the estimates (15.3111 
and (I5.33p . We can now apply the minimum principle to (pit) + 2(^(t). At a 
minimum point, assuming it is achieved at t ^ Tq, we have 

0 ^ i^it) + 2(^(i)) 

= ^^Lo{t)if*oJY -uJt) + n-m- (pit) + 2(pit) - 2n + 2tr^(i)Wi 
^ tr^(t)c5t + (pit) - C 

^C-^e-— +(Pit)-C, 


and so at this point we obtain 

which gives a uniform lower bound for (pit) at this point, and hence every¬ 
where (remembering ()5.3ip i. This proves ^5.340 . 

We now prove (15.3211 . Differentiating ^5.3011 we obtain 

^(pit) = -Rit) -m- (pit), 
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and using R{t) ^ —C and (j5.84p we obtain 

d 


dt 


(p{t) ^ Co- 


(5.35) 

First we show the bound 

ip{t) ^ Ce~i. 

If this fails, then we can find a sequence {xk,tk) G X x [0, +oo) such that 

tk ^ oo and ip{xk,tk) ^ ke~^. If we let 7 ^ = 2 Co^~^ then it follows from 
(15.351) that 

■ / \ ^ -ii. 

‘f[Xk,t)^-e 4, 

for t G [tk — Jk, tk]- Integrating in t we get 

r^k 

^ixk,tk) - (pixk,tk -'Jk) = (p{xk,t)dt 

dtk—'ik 

If for some value of k we have 7 ^ ^ 1, then we can use (|5.3ip to bound 
ip{xk,tk)-(p{xk,tk-'yk) < C'(l+ffc)e“‘'=+C'(l+tfc- 7 fc)e“‘'“+'^'“ ^ C(l+ 4 )e“*\ 
and so we obtain 

k^ 


k 7 


k^ 


^ ’’“r ‘ = 4 c„ 


e 2 . 


(5.36) 


4Co 


e 2 ^(7(l + t^)e . 


If on the other hand for some k we have 7 ^ ^ 1 then we integrate in t again 

r^k 


r<^k 

(p{xk,tk)-‘p{xk,tk-l)= (p{xk,t)dt 

Jtk-i 

and using (j5.3ip again we obtain 
(5.37) 


k _7 


|e ‘ 4 ^ ^61(1 + 4)6 ^4 


One of the two cases must occur for infinitely many values of k, and so 
letting /c —>■ 00 in (j5.36p or (|5.37p we obtain contradiction. 

Finally, to prove the lower bound 

ip(t) ^ -Ce"^, 

we use the same argument with the interval [4 — 'Jk, 4] replaced by [tk,tk + 
7fc]- □ 

5.9. The parabolic Schwarz Lemma. We have the following parabolic 
Schwarz Lemma, as in [63] (see [89| for the original Yau-Schwarz Lemma). 

Lemma 5.12. There is a uniform constant C > 0 such that for all t ^ 0 
we have 


( 5 . 38 ) 


ooit) ^ c-^rujY. 
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Proof. Given any point x £ M we choose local coordinates {zi} on X cen¬ 
tered at X which are normal for and coordinates {i/a} on Y near f{x), 
which are normal for ujy ■ In these coordinates we can represent the map / as 
an m-tuple of local holomorphic functions {/“}• We will use subscripts like 
/“, ffj,... to indicate partial derivatives. We will also write for the entries 
of Lo{t) in these coordinates, and for those of wy. In these coordinates 

we have tr^(t) (/*a;y) = fk feh^-p. 

Then we have 

(5.39) 

^ tr^(4)(/*wy) - g^^g^^+ C'(tr^(4)(/*wy))2, 

where in the last line we used the following argument: if we set = df{-^) = 
Yfa then at our point x we have 

i^k i^k 

^ = c{tv^it){rooY)f, 

i,k 


where the constant C is an upper bound for the bisectional curvature of ojy 
among all wy-unit vectors. Now at x we have {f*uy)) = Y2k a fkifk^ 

and using the Cauchy-Schwarz inequality we have 


(5.40) 

\dtr^^t)ir^Y)\l^t) = Y1 fkifpifplf 

i,k^p,a,^ 


1/2 


1/2 


k,p,a,^ \ i 


a\2 


El/. 


0 |2 
Pi I 


1/2N 


EiA“i El/- 

k,a \ 'i 


a\2 

ki\ 


< Ei/T El/ 


a\2 

ki\ 


£,0 




= (tro.(t) (rWy))c/*^/Vfci4-^a^, 


and combining ()5.39|) and (j5.40p we obtain 

(5.41) log tr^( 4 ) if*ujy) ^ Gtr^(t)(/*wy) -h 1, 
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at every point where tr^j( 4 ) (/*a;y) > 0. On the other hand we also have 

(f{t) = (f{t) -n + tr^^(t)Wt ^ ^tr^(t)(/*a;y) - C, 

for t ^ To, thanks to (I5.29h and Lemma 15.111 Therefore, if we choose A 
large enough, we have that 

(logtr^(t)(/*a;y) - Aip{t)) ^ -tic^(t)if*uJY) + C, 

and from this we conclude easily that trt^( 4 )(/*wy) ^ C on X x [0, oo) 
(note that at a maximum point of logtr^j(^) (/*a;y) — Aipit) we must have 
> 0 )- □ 


5.10. An optimal (7^ estimate for the evolving metric. Define a smooth 
function (p{t) on Y by 


T(i)(y) 




which is just the fiberwise average of (p{t). We will also denote its pullback 
/V(t) to X by ^(t). 


Lemma 5.13. There is a uniform constant C > 0 such that for all t ^ 0 
we have 


(5.42) sup |(/?(t) — (/9(t)| ^ Ce *. 

a: ~ 

Proof. Let V'(t) = e*{tp{t) — ^p{t)). When we restrict to a fiber Xy we have 
e^^{'t)\xy = wsrfUj, + '/^dd{'4>{t)\xy), 

and 

{oJsRFlxy + ^/^dd{f;it)\xy)T-^ _ e(^-^1^ujit)^-^ A f*uj^ 
i^olxy^-^ ~ co^-^Af*u;^ 

“ w{tY Wo f*^Y 
^ C(tr^*)(ra;y))-— 

using Lemmas 15.111 and 15.121 and the elementary inequality 
ovitY-^ A f*coip ^ /a;(t)”-i A/*a;y\”"™ 

uj{tY ^ V ‘^{tY / 

which follows for example from the Maclaurin inequality between elementary 
symmetric functions. Therefore Yau’s estimate [89] applies, and using 
also that tp(t)ujQ~"^ = 0, we obtain 

sup|V'(t)|xJ < C, 

Xy 
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independent of t. Furthermore, this constant is uniform in y G y, since it 
depends only on geometric quantities on the manifold (Xy, wsrfIx^) (specif¬ 
ically its Sobolev and Poincare constants) and these are uniformly bounded 
in y. This proves (15.4211 . □ 

Lemma 5.14. There is a uniform constant C > 0 such that for all t ^ Q 
we have 


(5.43) 

Proof. We have 




1 


by Lemma 15.111 Next, recall from (I5.22p that lOq does not depend 
on y, so it is enough to estimate A ^ (p{t)ujQ~^'^. To compute this, it is 

convenient to write the integral (p(t)LOQ~^ using fiber integration as 

ip{t)u;^-^ = fMtH~niy), 


Ixy 


where the fiber integration map /* is defined for every proper submersion, 
it commutes with d, and since / is holomorphic it preserves the (p, q) types 
of forms, and therefore it also commutes with d and d. Then we have 


V^dd 

and so 




(p(t)w, 


n—m 

0 


= V^ddf^{ip{t)u}Q "■) = f^{V^ddip{t)AujQ ”"), 




p(t)a;-— = tr^4)r(/,(V^a9p(t) Acuo"-”^)) 


= tr^(L/*(/*((^(*)”")) 

but /*(t5i A Wq~™')) is a smooth (1,1) form on Y which satisfies 

Mu;tAu^-n)^Cu;Y, 

for all t ^ 0. The Schwarz Lemma estimate ()5.38p then implies that 


JXy 


^ -C, 


□ 


and (j5.43p follows. 

Proposition 5.15. There is a uniform constant C > 0 such that for all 
t Tq we have 

(5.44) C~^cot ^ w(t) ^ Cojt- 
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Proof. We apply the maximum principle to 

log(e"*tr^(t)a;o) - Ae\ip{t) 

for a constant A to be determined. To compute the evolution of log(e“*tr^jp)a;o) 
we just use the Schwarz Lemma calculation in (|5.4ip to the identity map 
from {X,uj{t)) to (X, wq), which gives 

d \ 

— - A j log(e"‘tr^(4)a;o) ^ 

At a maximum point of our quantity, assnming it is achieved at t > 0, we 
have 

0 ^ (log(e"Hr^(t)Wo) - Ae\ip{f) - fit))) 

< Ctr^^(4)CUo — — ‘.pit)) — Ae^ipit) + Ane* — Ae*tr^(4)tJt + CAe* 

^ CAe* - tr^(i)a;o, 

as long as we choose A sufficiently large, using (15.281) . (15.341) . (15.421) and 
(j5.43l) . Therefore we conclude that 

e"*tr^(4)a;o ^ C, 

on A X [0, oo), which implies 

w(t) ^ C~^e~^uo ^ C'^e'^cjsRF, 
and adding this to (I5.38h we obtain 

uit) ^ 

which is half of (15.441) . For the other half, it is enough to observe that 

_ tp(t)+tp(t) ^ n 

Cop e(—" ’ 

thanks to Lemma (5. Ill and (j5.33p . and so the upper bound 

Loit) ^ Cult, 

follows. □ 

5.11. CO convergence of the evolving metric. 

Lemma 5.16. There is a uniform constant C > 0 such that for all t ^ 0 
we have 

(5.45) tr^(i) if*uiY) ^m + Ce~s. 

Proof. We apply the maximum principle to 

eH^Mt)if*^Y) -m)- e^ifit) + pit)). 

To compute the evolution of this quantity, we first calculate 

ifit) = Pit) -n + tr^(t)At, 























62 


VALENTINO TOSATTI 


(p{t) = tr^(t)(/*u;y - Wt) + n - m - ip{t), 

= tr^(t)(rwy) - m, 

and from the Schwarz Lemma calculation (I5.39p . together with (|5.44l) . 

^ tr^(t)(rwy) + C(tr^(t)(f*^v)f ^ C. 

At a maximum point of our quantity, assuming it is achieved at t > 0, we 
have 

0 ^ (es(tr^(q(/*wy) - m) - e^(f{t) + (p{t))) 

t t 

^ y(tr^(q(/*‘^y) - rn) + Ce^ - + (p{t)) - e2(tr^(t)(/*wy) - m) 

^ Ces - Y(tr^(q(/*wy) - m), 

using Lemma 15.111 Therefore we get a uniform upper bound for this quan¬ 
tity, and hence for e8(tr^(q(/*a;y) — m). □ 

Theorem 5.17. There are uniform constants C,r] > 0 such that for all 
t Tq we have 

(5.46) tra;(qwt ^n + Ce~'^^. 

This result may seem similar to the one obtained in Lemma [5.161 but it is 
much more powerful and its proof is considerably harder. This was originally 
proved when n = 2 in |81j (for a more general flow of Hermitian metrics, 
which specializes to the Kahler-Ricci flow when the initial metric is Kahler). 
The method of proof used there is special to this dimension, because in 
this case the reference metrics Cjt satisfy |Rm(t)|(:jj ^ Ce 2 , while in general 
dimensions this is 0{e^). In these notes we present the proof obtained in 
[82], which works in all dimensions. This will require us to first prove strong 
estimates for the metric along the fibers, including proving (I5.2ip . and then 
we will be able to prove (I5.46h . 

Before proving Theorem 15.171 we use it to complete the proof of (15.2011 . 
Proof of (|5.20p . We observe that for t ^ Tq we have, 

_ p-¥’(i)-v(0_ 

u{tr (, 

using Lemma 15.111 If now at any given point we choose local holomorphic 
coordinates so that uj(t) is the identity and Ut is given by a positive definite 
n X n Hermitian matrix A, then (15.4611 and (I5.47p give 

trA ^ re + detA^l —Ce“4, 


' U)+ 




U) 


^ A I t 
Y "SRF 


— ^ - Ce-^ ^ 1 - Ce-2, 
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and so Lemma 15.181 below gives 

||Al-Id|| ^ Ce-2*, 

which means 

^ C'e 2 *^ 

and since uj{t) ^ Cloq (by Lemma 15. 15p . this gives 

\\ibt —‘^(i)||cO(X,a;o) ^ C'e 2*, 

and remembering that ut = f*^Y + e“*(a;sRF — f*^Y)i this gives (I5.20p . □ 

In the proof we have used the following elementary result: 

Lemma 5.18. Let A be an n x n positive definite Hermitian matrix such 
that 

tvA ^ n + e, det Afi 1 — s, 

for some 0 < e < 1. Then there is a constant C which depends only on n 
such that 

\\A-ldf ^ Ce, 

where || • || is the Hilbert-Schmidt norm, and Id is the n x n identity matrix. 

Proof. The lemma is trivial for n = 1 so we may assume that n ^ 2. Let 
Ai,..., > 0 be the eigenvalues of A. Define the normalized elementary 

symmetric polynomials Sk by 

^ for A: = 1,... ,n. 

By assumption we have that S'! ^ 1 + ^ and 5^ ^ 1 — e. Together with the 
Maclaurin inequalities we obtain 

n 

which implies that |5i — 1| + |52 — 1| ^ Ce for C depending only on n. A 
direct calculation gives 

n 

p - Idf = ^(Aj - if = n^Sl - 2nSi - n{n - 1)82 + n^Ce, 
i=i 

for C depending only on n. □ 

5.12. Estimates for the metric along the fibers. Our goal now is to 
prove (I5.2ip . which we will then use to prove Theorem 15.171 The first step 
is the following: 

Theorem 5.19. There is a constant C > 0 such that for every y & Y and 
all t ^ 0 we have 

(5.48) 
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In fact, we will reprove this result in Theorem 15.201 below, but we decided 
to still present this proof in detail since it is self-contained. 

Proof. Given a point x & X, lei y = f{x) and choose local product coordi¬ 
nates on an open set U 3 x and on f{U) 9 y as in Lemma and let loe 
be the Euclidean metric on U in these coordinates. We may also assume 
that in these coordinates U and f(U) are identified with unit balls in 
and C™' respectively, with x and y being the origin. We claim that on the 

half-ball Bi(0) C U we have 
2 

(5.49) ^ Ce\ 

for all f ^ 0. Assuming this holds, then restricting (15.4411 to Xy we obtain 

(5.50) C~^e~^ujE\xy ^w(t)|xj, ^ Ce~^u}E\xy, 

and so on Bi(0) we obtain 
2 

(5.51) 

\V^{e^ivit)\xy)\l, = e-^\V^icv{t)\xy)\l-.^^ < Cle-*|V^(a;(t)UJl5(i) 

^ C'e-*|V®a;(t)|2(^) ^ G, 

using (|5.49p . Then (|5.50p and (j5.5ip together prove (15.481) on i?i(0), and a 

I. ^ 

simple covering argument gives ()5.48p everywhere. 

We are left with proving (j5.49p . Following Yau [89] we define a smooth 
nonnegative function on U by 

which in fact equals where T^^ are the Christoffel symbols of u){t). We 

calculate 

where V is the covariant derivative of oj{t). We also have 
= 9^~^Vy{dyT%) = 

using the second Bianchi identity, and 

/^V^VpTf^. - = gP^R^yV^y^ + gP^Rj^T^y - g^^RpyT^.j, 

AS = gP^XyXy 

= mlit) + |vr|2(,) - 2Re (yVWy^V.R^.^r^) 

+ 9^9^%-c9^~^r^jRp^T^b + 9^''9^~^9k-c9^~^r^,RyiI% - 
^S = s- 2Re (y“y^'Vcy'V.R^.jT^) 

+ 9^W~'9k-c9^^r^jRpaTf, + 9^^9^~'9k-c9^^r^,Ryi;T% - 9^^9^~^r^jRkA 
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and so 



A S 


5- ivr 


2 

\uj(t) 


ivr 


|2 

L(t)- 


Let now /o be a smooth nonnegative cutoff function, which is supported in 
-Bi(O) and is identically 1 on Bi{0), and with 


y/^dp Adp ^ Coje, —Cuje ^ y/-^dd{p‘^) ^ Cuje, 

where C is a dimensional constant. Recalling (|5.28l] and (I5.44p . we obtain 
that uj{t) ^ C~^e~^iOE, and so 

^ Ce* A(p2) ^ _Ce^ 

on U. 

We can then compute 

- a) {p^S) + CSe^ + 2|(Vp2, V5)^(i)| 

^ p^S - p^ (|vr|2(^) + |vr|2(,)) + CSe^ + 2\{Vp^VS)^(^t) 
On the other hand, using the Young inequality 

2|(V/?^, vs)^(4)| = 4p|(Vp, ^ 4p|Vp|,j(t) • 

<p"(|vr|i(,) + |vr|=,„)+C’S|Vpli,„ 

<(>"(|vr|5,„ + |vr|2„|)+csA 

and so 

(I-a) {p^S)^CSe\ 

(L _ (,-v=5) < cs. 

Next, on Ri(0) we define 


(m) 

UJt=u'^ ' 


—t (n—m) 

S ^ 


where and w 
C*" = C”" X C”-"" 

(5.52) 


^ denote the Euclidean metrics on the two factors of 
. Thanks to (15.441) we have that 

C~^ujt ^ uj(t) ^ Cujt, 


on [/ for all t ^ 0. Note that the covariant derivative of uot just equals V®, 
independent of t, and that w* is flat. Then, as in (13.231) . we can compute 






+ e ^gl'^ c/f )pq aq - gf g^^g^'^Vf g,^-7Vf 


jE 

i 
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using (j5.52l) and the fact that e * 0 ;^ ^ It follows that if we take Cq 

large enough, then we have 

{e~^P^S + Coix^^uj{t)) ^ 0 . 

Note that we have ^ C, thanks to (I5.52h . Since /o = 0 on the bound¬ 

ary of Bi (0), the maximum principle then gives that e~^p'^S+Cotri^^(jj{t) ^ C 
on -Bi(O) X [0,oo), and so sup^^^^^Q) S ^ Ce*, as required. □ 

The following improvement is due to Zhang and the author [83] (and in 
fact it also gives another proof of Theorem I5.19P : 

Theorem 5.20. For every A: ^ 1 there is a constant Ck > 0 such that for 
every y GY and all t ^ 0 we have 

(5A3) \\^^^{t)\Xy\\c^[Xy,UJ0\Xy) ^ 

Proof. Given a point xq G X, let j/o = f{xo). To prove (|5.53p we choose 
local product coordinates on an open set U 3 xq and on f{U) 3 yQ, centered 
at these points as in the proof of Theorem 15.191 and let a;_B be the Euclidean 
metric on U in these coordinates. We may assume that f{U) is the unit ball 
in C™, and U is the product of the unit balls in C”^ and C”"™. 

For each t ^ 0 let = B^t/2{0) C C™, let B = i3i(0) C and 

define rescaling holomorphic maps 

Ft : Bt X B ^ U = Bq X B, Ft{y, z) = z). 

These maps are all equal to the identity when restricted to {0} x B, which 
is a “vertical” chart contained in the hber Xy^. Thanks to (I5.44p we have 

C-^fiVY + e-'cuo) ^ w(t) ^ CifiOY + e-*wo), 

on U, and so the metrics 

ujt{s) := e^Ff uj{se~^ + t), —1 ^ s ^ 0, 

on Bt X B satisfy 

C-^Ffie^fojY + i^o) ^ ujt{s) ^ CFt*{e^rCOY+ uJo), 

and 

d 

—a;t(s) = -Ric(wt(s)) - e~^ujt{s), -1 ^ s ^ 0. 
os 

It is readily verihed, using product coordinates as above, that the metrics 
Ff{e^f*coY + Wo) converge smoothly on compact subsets of C”^ x R to a 
limiting Kahler metric. Indeed, if we write 

m 

f*UJY{y,z) = ^/XT {9Y)ap{y)dya A dy/^, 
a,0=1 
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m n—m 


wo(2/, z) = ^ {go)a-^{y, z)dya Adyp + 2Re {9o)a-iiy^z)dya A dzi 


a,0=1 
n—m 


a=l 2=1 


+ v^E i9o)ij{y,z)dzi Adzj, 

*J=i 

then we have 

m 

Ft{e^f*ujY + u}o){y,z) = + e~\g(i)^-^{y, z))dya A dy^ 

q:,/3=1 

/ m n—m \ 


+ 2e */^Re ^ ^ (5o)ai(ye ^/‘^,z)dya A dzi 


a=l i=l 


+ ^ i9o)ij{ye ^l‘^,z)dzi A dzj 

*j=i 

which converges smoothly on compact subsets of C™ x B to 


X] i9Y)api^)dya Adyfj + ^/^ ^ (ffo)i7(0,A dzj, 

a,13=1 i,j=l 

which is a smooth Kahler metric. This implies that 

C~^uje ^ ^t{s) ^ Cue, 

for all f ^ 0, —1 ^ s ^ 0, where ue is a Euclidean metric on C™" x B. We can 
therefore apply the local higher order estimates in Theorem 13.111 (note that 
the coefficient e“* of e~^ut{s) in the evolution of ut{s) is uniformly bounded) 
and obtain that for every compact set K C C™ x B there are constants 
such that 

\\<^t{s)\\ck(K,gE) ^ 

for all t ^ 0, — ^ ^ s ^ 0. Setting s = 0 we obtain 

and since Ft is the identity when restricted to {0} x B, which is identified 
with Xyg n U, we obtain (|5.53l) after a simple covering argument. □ 


We will also need the following elementary result: 


Lemma 5.21. Let F : X x [0,(X)) — >• M 6e a smooth function such that 

(5.54) IV(F|x,)l„u. <C, 

for all y £Y,t ^ 0, such that 

(5.55) [ (FUJa;sV = 0, 

JXy 

for all y £Y,t ^ 0, and such that 

(5.56) supF(x,t) ^ h{t), 

X 
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for all t ^ 0, where h{t) is a nonnegative function with h{t) —>-0 as t —)• oo. 
Then we have 

(5.57) sup|F(x,t)| ^ Ch{t)'^^+^, 

X 

for all t sufficiently large. 


Proof. Thanks to (j5.56p . it is enough to show that 


infF(x,t) ^ —C'/i(t) 2 ~+i. 

X 

If this fails, then we can find oo and G X such that 

F{xk,tk) f -kh{tk)^^, 

1 

and we may take t^ large so that kh{tk)‘^^+'^ ^ 1. If we let = f{xk), then 
thanks to (j5.54p we have that for all x in the -geodesic ball Br{xk) in 

Xy^ centered at Xk, of radius 

kh{tk)^^ 1 
2C ^ 2C’ 


we have 

F{x,tk) ^ - 

and so using ()5.55p . ()5.56p we get 


kh{tk)^^+^ 


0 = 


[ F{x,tkP^f^ 


(x) ^ - 




' Br{xk) 


+ Ch{tk). 


But the metrics wsrfIxj/j. are all uniformly equivalent to each other, and 
since r ^ ^ we have 


L 


CJ, 


Br{xT) 


SRF 


^ ^ C-^k^^h{tk)^, 


and so we obtain ^ C, which is impossible for k large. 


□ 


We can now prove (I5.2ip . 

Theorem 5.22. For any given y & Y we have 
(5.58) e^uj{t)\xy (Xy, 

in C°°{Xy), where Uy is the unique Ricci-flat Kdhler metric on Xy in the 
class [caoJIxy- The convergence in the norm is exponentially fast. 
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Proof. We compute 

{e^u{t)\xy 


(wsrfI 




(w(t)l 


Xy 


Xy 


(WSRFI 


Xy 




n-m . 

^SRF ^ J ^ 


■"SRF 

n\uj{t)^-^ A f*uj 
m 


Y 


m 

V 


Q 




ymj 

and so the function F : X x [0, oo) —>• M defined by 

\m) uo{tY 


satisfies 


and so 


^\Xy = 


(<^srf| 


Xy 


lx. 


iF\xyMRF=[ ieMt)\xX-^ = [ 


SRF ’ 


so F — 1 satisfies (j5.55p . It also satisfies (j5.54p thanks to p5.48p . Now, thanks 
to Lemma lS.llI we have that 

(5.59) - 1| ^ Ce"! 

Choosing local coordinates at a point x E Xy, so that at that point uj{t) 
is the identity and f*0JY is diagonal with eigenvalues (Ai,..., Am, 0,... , 0), 
then at this point 


n\u;{t)^-^ A f*u;ip 


m 








i=i 


m 


^T^ojit){f*^Y) 


m 


uj{tY 

and so p5.45p gives 

;.)=!2EE="-».. 

for some uniform r] > 0. Combining this with p5.59p gives that 

F < 1 + Ce“^‘, 

everywhere on AT x [0, oo), which verifies p5.56p . Therefore Lemma [5.211 gives 
us 

|F- 1| ^ Ce-^y 

for some smaller rj > 0, i.e. 

(5.60) ||(eA(t)U.)"-" - EsbfU,)”-’"IIc«(x„™|x.) < 
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for all y G y. Next, we compute 


{e^u}{t)\xy) A (wsreIx. 


-m-l _ ^^SKF ^ f*^Y 


= e 


(wsrfIxJ' 


Vyy V Olvi \yvy/ n-m A m ^ 

^SRF 

\mj uj{t)'^ ^ 


so the smooth function G : X x [0, oo) —>■ M defined by 

■>-t, 

\n 


r. (n\ u;{t) A (e-Wp)"-”^-' A f^u:^ 

\mj u{ty 


satisfies 


(e*a;(f)|xj A (wsrfIa;,)"' "" ^ 
G|x, =- 


(wsrfIaJ’*-™ 
and the arithmetic-geometric mean inequality gives 

(e*cu(t)|xJ"-”^ 


(G| 






(i^SRF I 




and the RHS converges to 1 exponentially fast thanks to (jb.bOp . Therefore 
1 — G satisfies (j5.56p . and it also satisfies (|5.55|) (as is simple to verify) and 
(j5.54p , thanks to (15.481) . Another application of Lemma 15.211 gives us 


|1-G| ^Ge-^*, 


for some f] > 0, i.e. 

(5.61) 

||(e*a;(t)|xj A (wsRFixy)" ^ 


(wsRfIaJ” ^IlcoCVj^a^oIxJ ^ 


for all y gY. Therefore if we choose local coordinates along a fiber Xy such 
that at a given point wsrfIxj, is the identity and e*'uj(t)\xy is a positive- 
definite Hermitian matrix A, then ()5.60p and ()5.6in imply that 


trA ^ n-|-Ge detA^l —Ge 


and so Lemma 15.181 gives 

||A-Id|| ^ Ge-2*, 


which implies 

\\e^^it)\Xy -‘^SRFUJ|cO(Xj,,a;o|xA ^ Ce~^\ 

for all y G y and t ^ 0, so the metrics e^uj{t)\xy converge to wsrfIaj, 
exponentially fast. The convergence is smooth thanks to Theorem 15.201 □ 
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5.13. Completion of the proof of Theorem 15.51 As we showed earlier, 
to complete the proof of (j5.20jl it is enough to prove Theorem 15.171 which 
we can now do: 


Proof of Theorem 5.17. Recall that by definition 
iot = e~^ujsRF + (1 - 
and that thanks to Lemma 15.161 we have 

^ m + Ce"!. 

It follows that to prove (15.461) it is enough to show that 

(5.62) tr^( 4 ) (e'^cjsRF) ^ n - m + Ce~'^\ 

To this end, fix a point x G X and let y = f{x), and choose local product 
coordinates near these points. At the point x we can then consider the ( 1 , 1 ) 
form wsrfIx;, as defined for all tangent vectors to X at x (not just those 
tangent to the fiber Xy) by using the obvious projection in these coordinates, 
so it makes sense to estimate 

^^L0{t){e~^‘^SRF\Xy) = tl'(e*a;(t)|xy)(‘^SRF|Xy) ^ n - m + Ce~'^\ 

thanks to Theorem 15.221 Lastly, we need to estimate the difference 

(e^^cjsRF - e“*a;sRF|Ay), 

and to do this we write in local product coordinates at x 




m n—m 


WSRF-WSRFlXy = 


h^-pdya/\dy i3+2Re K=TEE h^-jdya /\dzj 


Q;,/3=1 




a=l j=l 


where we use greek indices for the base coordinates and latin indices for the 
fiber coordinates. The term involving h--^ is not present because cusrf — 
wsrfIx^ vanishes when restricted to Xy. Therefore 


tl’a;(t)(e *WSRF - e *WSRF|Xy) ^ 


+ 2 




^ Cez. 


because thanks to (j5.44D the terms 5 “^ are uniformly bounded, and the 
terms 5 "-^ are bounded by Cea by Cauchy-Schwarz (since is of the order 
of e*). This completes the proof of (I5.62p . □ 


Lastly, to complete the proof of Theorem 15.51 we need to show that 
(X, converge to {Y^ojy) in the Gromov-Hausdorff topology as t ^ 00 . 
Recall that since f is a submersion everywhere, Ehresmann’s Theorem [461 
Theorem 2.4] implies that / is a smooth fiber bundle. Then the Gromov- 
Hausdorff convergence follows from (15.201) and the following (cf. |81l Lemma 
9.1]): 
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Theorem 5.23. Let tt : M ^ B be a smooth fiber bundle, where {M,gM) 
and {B,gB) are elosed Riemannian manifolds. If g{t),t 0, is a family of 
Riemannian metries on M with \\g{t) — gB\\c°{M,gM) 0 as i —)■ oo, then 
{M,g{t)) eonverges to {B^gs) in the Gromov-Hausdorff sense as t ^ oo. 

Proof. For any y £ B we denote by Ey = 7 r“^(y) the fiber over y. Fix e > 0, 
denote by Lt the length of a curve in M measured with respect to g(t), and 
by dt the induced distance function on M. Similarly we have Lb, dB on B. 
Let F = TT : M ^ B and define a map G : B ^ M hy sending every point 
y £ B to some chosen point in M on the fiber Ey. The map G will in general 
be discontinuous, and it satisfies F o G = Id, so 

(5.63) dB{y,F{G{y)))=0. 

On the other hand since g{t)\Ey goes to zero, we have that for any t large 
and for any x £ M 

(5.64) dt{x,G{Fix))) ^s. 

Next, given two points xi,X 2 £ M let y : [0, L] —)■ i? be a unit-speed 
minimizing geodesic in B joining F{xi) and F{x 2 ). Since the bundle vr is 
locally trivial, we can cover the image of 7 by finitely many open sets Uj,l ^ 
j ^ N, such that 'K~^{Uj) is diffeomorphic to Uj x E (where E is the fiber of 
the bundle) and there is a subdivision 0 = to < ti < ■ ■ ■ < tjg = L of [0, L] 
such that 'y{[tj-i,tj]) C Uj. Fix a point e £ E, and use the trivializations 
to define fijfs) = ( 7 ( 5 ),e), for s £ [tj-i,tj], which are curves in M with the 
property that 

\Lt{lj) - Fs( 7 |[ 7 _i,t,.])| ^ e/N, 

as long as t is sufficiently large (because gft) -£■ 7r*gB)- The points fj{tj) and 
7 j+i(tj) lie in the same fiber of vr, so we can join them by a curve contained 
in this fiber with Lj-length at most e/2iV (for t large). We also join xi 
with 7 i( 0 ) and X 2 with 7 Ar(L) in the same fashion. Concatenating these 
“vertical” curves and the curves 7 ^, we obtain a piecewise smooth curve 7 
in M joining xi and X 2 , with 77 ( 7 ) = 7 and \Lfifi) — dB{F{xi), F{x 2 ))\ ^ 2e. 
Therefore, 

(5.65) dt{xi,X2) ^ Lt{j) if dB{F{xi),F{x2)) + 2e. 

Since F o G = Id, we also have that for all t large and for all yi,y 2 £ B, 

(5.66) dt{G{yi),G{y2)) < (iB(yi, 1 / 2 ) + 2e. 

Given now two points xi,X 2 £ M, let 7 be a unit-speed minimizing g(t)- 
geodesic joining them. If we denote by LT^*gg{y) the length of 7 using the 
degenerate metric Tr*gB, then we have for t large, 

(5.67) 

dB{F{xi),F{x2)) ^ LB{F{y)) = F^*g^( 7 ) ^ Lfiy) + £ = dt{xi,X2) +£, 

where we used again that gft) —)■ TT*gB. Obviously this also implies that for 
all t large and for all yi,y 2 £ B, 

(5.68) dB{yi,y2) ^ dt{G{yi),G{y2)) +£. 
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Combining (j5.63j) , (j5.64j) , (j5.65jl , (I5.66jl , (15.67^ and (15.681) we get the required 
Gromov-Hausdorff convergence. □ 

5.14. Smooth collapsing when the general fibers are tori. Having 
completed the proof of Theorem 15.51 we now show under the same assump¬ 
tions that if we assume that the generic fiber Xy of / is biholomorphic to the 
quotient of a complex torus by a holomorphic free action of a finite group, 
then the collapsing in (j5.1ip is in the smooth topology. More precisely, we 
show: 

Theorem 5.24 ([22l [28l [SU [38l |83]). Let (X, wq) be a compact Kdhler 
manifold with Kx semiample and 0 < n{X) < n, and let f : X ^ Y 
be the fibration as in Theorem 15.51 and assume that for some y G Y\S' 
the fiber Xy = f~^{y) is biholomorphic to a finite quotient of a torus. Let 
co(t),t G [0, oo) be the solution of the Kdhler-Ricci flow (II.ip starting atuiQ. 
Then as t ^ oo we have 

(5.69) /*wy, 

in CfflflX\S), where ojy is the same Kdhler metric on Y\S' as in Theorem 
E3 Furthermore, the metrics have locally uniformly bounded curvature 
tensor on compact sets of X\S. 

This theorem was proved in [22] under the assumption that Xy is bi¬ 
holomorphic to a torus, that X is projective, and the initial class [wq] is in 
H‘^{X, Q), by adapting to this parabolic setting the proof of a similar result 
for the elliptic complex Monge-Ampere equation in m- In the case when 
X = Y X F where ci(y) < 0 and T is a finite quotient of a torus, this 
theorem was proved in [28]. The projectivity and rationality assumptions in 
[22] were removed in [38], and finally the case when Xy is a finite quotient 
of a torus was dealt with in [83j . We will give a unified treatment of these 
results, following [311 l38l [83] . 

It is natural to conjecture that in the general setting of Theorem 15.51 
(i.e. when the fibers Xy are general Calabi-Yau manifolds) the smooth 
convergence in ()5.69p still holds. On the other hand, the local uniform 
boundedness of the curvature of is false when Xy is not a quotient of 
a torus. Indeed thanks to (j5.13p the metrics uj{t)\xy converge smoothly 
to wsrfIxj,, the unique Ricci-flat Kahler metric on Xy in the class [wqIaj;]- 
But the metric cusRFlxy is not flat, since otherwise Xy would be a finite 
quotient of a torus by [M] Corollary V.4.3] and [45l Theorem IX.7.9]. It 
follows easily that the largest bisectional curvature of wsreIx^ (among unit 
vectors) is strictly positive, and so the same is true for uj{t)\xy for all t large. 
Since the bisectional curvature decreases in submanifolds, the same is also 
true for uj{t) (at points on Xy), and so the maximum of the curvature of 
on Xy blows up to infinity as t oo. 
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Proof. As in the proof of Theorem 15.51 we assume that uj{t) satisfies instead 
the normalized flow ()5.19p . The statements that we need to prove are local 
on the base Y\S', so it is enough to prove that for every sufficiently small 
open subset B C Y\S', given any k ^ 0 there are constants > 0 such 
that on the preimage U = we have 

(5-70) ll‘^(^)llc'“(C/,go) ^ 

and 

(5.71) sup|Rm(a;(t))L(i) ^ Co, 

u 

for all t ^ 0. Let us first give the proof of these in the case when Xy is in 
fact biholomorphic to a torus for some y E Y\S'. Then, using Ehresmann’s 
Theorem |46[ Theorem 2.4] (which gives that / is a locally trivial smooth 
fiber bundle over Y\S') and the fact Y\S' is connected, we immediately 
conclude that all fibers Xy,y E Y\S' are diffeomorphic to a torus. But 
a compact Kahler manifold which is diffeomorphic to a torus must be in 
fact biholomorphic to a torus, as follows easily using the Albanese map, 
and we conclude that all fibers Xy,y E Y\S' are biholomorphic to tori, say 
Xy = C"'“"*/Ay, where Ay is a lattice in Since / is a holomorphic 

submersion over Y\S', we may choose a basis vi{y),... ,V 2 n- 2 m{y) of the 
lattice Ay which varies holomorphically in y £ B, for any sufficiently small 
B C Y\S'. We can then construct another family f of tori over B, by 
taking the quotient of B x C””*" by the holomorphic free action 

given by 

( 2n—2m \ 

y,z+ ^ iiViiy) I , 

where y £ B, z £ £. ^ Note that while the choice of the 

generating vectors Vi{y) is not unique, the quotient does not depend on this 
choice. This gives us a holomorphic submersion f : U' ^ B with fiber 
f'~^{y) biholomorphic to Xy, for all y £ B. A theorem of Wehler [87] Satz 
3.6] then shows that the families / and f are locally isomorphic, so up to 
shrinking B there is a biholomorphism U' -£■ U, which is compatible with 
the projections to B. Composing the quotient map B x with this 

biholomorphism, we obtain a local biholomorphism p : B x U such 

that / o p{y, z) = y for all (y, z). The map p is thus the universal covering 
of U. 

The following is the key tool we need: 

Proposition 5.25 ( [29l ED |38] )• Up to shrinking B, on U = f ^{B) there 
is a closed semipositive definite real (1,1) form wsf whieh is semi-flat in the 
sense that wsrlxy o, flat Kohler metrie on Xy for all y £ B, and sueh that 
p*uiSF = y/^Xddr] where y £ C°°{B x satisfies 

(5.72) y{y,Xz) = X^y{y,z), 

for all (y, z) £ B x and A E M. 
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This was proved in [SU Section 3] when X is projective and [cjq] is rational, 
following the recipe in [29], and was then proved in |38] in general. We will 
not prove this here, but just say that the function r] is given explicitly by 

^ n—m 

r]{y,z) = -^Yl (Im^(2/)),y^ {zi-Zi){zj -Zj), 

where Z is a holomorphic period map from B to the Siegel upper half space 
Sjn-m of symmetric (n — m) x [n—m) complex matrices with positive definite 
imaginary part (so (lm.Z{y))~ in this formula is well-defined). The key 
reason why this can be done is that S^n-m classifies complex tori which are 
polarized by a Kahler class. We refer the reader to (SHIM] for the details 
of the construction of Z (which is easier under the rationality assumption) 
and of why this r] satisfies our requirements. 

Now, recall than thanks to Proposition 15.151 (or rather its generalization 
to the case when S' 7 ^ 0) we have that 

C~^{e~^(jJSF + /*Wy) ^ Lo{t) ^ C{e~^UJsF + /*wy), 

where we used that on U we have that wsf + f*^Y is a Kahler metric. For 
t ^ 0 let At : i? X B x be given by 

Xtiy,z) = (?/,ze*/^), 

which is a “stretching in the fiber directions” (compare this with the maps 
Ft in Theorem 15.201 which were instead shrinking the base directions). Then 
the metrics 

LVtis) := XtP*u!{s + t), — 1 ^ s ^ 0 , 

on i? X satisfy 

C-\e-^\*tp*USF + X*tP*rujY) ^ ^t{s) ^ C{e-^\*tP*ujsF + X*tP*ruJY), 
for alH ^ 0 , — 1 ^ s ^ 0 , and 
d 

—ujt{s) = -Ric(wt(s)) - u;t(s), -1 ^ s ^ 0. 

os 

But we have that / o p o At = / o p, so X*tP* f*0JY = p*f*uiY, and 

AtP*wsF = Xl\X^ddri = \X^dd{r] o At) = e^y/^ddrj = e^p*ujsF, 

since 

V ° Xt{y, z) = r]{y, ze*/^) = e* 7 /(y, z), 
thanks to ()5.72p . Therefore we conclude that on B x C””™ we have 

C-^p*{iOSF + foJY) ^ OOtis) ^ CP*{L0SF + fuJY), 

and so for each given compact set K <Z B x there is a constant Ck 

such that on K we have 

Cj^oje ^ ^t{s) ^ Ck^e, 

for all f ^ 0, —1 ^ s ^ 0, where uje is a Euclidean metric on B x We 

can therefore apply the local higher order estimates in Theorem 13.111 and 
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obtain that for every compact set K G B x ^ there are constants CK,k 
such that 

\\^tis)\\ck(K,gE) ^ CK,k, 
for all t ^ 0, — ^ ^ s ^ 0. Setting s = 0 we obtain 

(5.73) \\KP*‘^{t)\\cHK,gE)^CK,k, 
and we still have 

Xlp*Uj{t) ^ C~^UE, 

on K X [0, oo). In particular, this gives 

(5.74) sup|Rm(A*p*a;(t))|A*p*,,;(t) ^C, 

K 

for all t ^ 0. If now K' G U G X\S is a compact set which is small enough 
so that K = p~^{K') G B X (C^~^ ig compact and p is a biholomorphism 
on K (note that such compact sets K' cover U) then we have 

sup|Rm(a;(t))L(t) = sup |Rm(p*a;(t))|p.^(i) = sup |Rm(A)'p*a;(t))|Afp*a;(t), 
K' K Ai/,(7C) 

where Ai/^ is the inverse map of Xt- But the compact sets Ai/i(R) are all 
contained in a fixed compact set of R x C””™, and so from (I5.74|] and a 
covering argument we easily obtain (j5.7ip . Also, (j5.73p easily implies that 

\\P*^{t)\\c>^(K,gE) ^ CK,k, 

for any given compact set K G B x (in fact, (j5.73ji is a much stronger 

bound). Since p is a local biholomorphism, this (and another covering ar¬ 
gument) proves (15.701) . and completes the proof of Theorem 15.241 when Xy 
is a torus. 

If now the fiber Xy is just biholomorphic to a finite quotient of a torus, for 
some y G Y\S' (and therefore for all such y, by the same argument as before 
using Ehresmann’s Theorem), then we choose again a sufficiently small open 
set B G Y\S' such that / is a locally trivial smooth fiber bundle over B, 
and so there is a diffeomorphism T : R x T —)• /“^(R), compatible with the 
projections to R, where F is the smooth manifold underlying Xy. We use T 
to pull back the complex structure on f~^{B) to a complex structure J on 
B X F, which is in general different from the product complex structure on 
R X Xy. This way, the map T becomes a biholomorphism (where here and in 
the following we always use the complex structure J on B x F). If we now let 
F —)■ R be a smooth finite covering map with F a torus, then the map p : Bx 
F ^ B X R is a smooth finite covering (hence a local diffeomorphism), and 
so we can use it to pull back the complex structure J to a complex structure 
J on R X R. This way p is also a local biholomorphism, and so pulling 
back a Kahler metric on /“^(R) via T o p we obtain a compatible Kahler 
metric on R x R. Then the projection vr : R x R is by construction equal to 
/ o T o p, and so it is holomorphic, and clearly a proper submersion. This 
implies that its fibers Xy = 7r“^(y) are all compact complex submanifolds of 
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Bx F (with the complex structure J), and so they are also Kahler, and each 
Xy is diffeomorphic to the torus F. As remarked earlier, this implies that 
all fibers Xy are in fact biholomorphic to complex tori C^~^/Ay. Therefore 
the family tt over B has torus fibers, and pulling back the solution (jj[t) 
of the Kahler-Ricci flow via the holomorphic finite covering map T o p we 
obtain a solution of the Kahler-Ricci flow on B x F. We can then 

apply Proposition 15.251 to B x F and get a semi-flat form wsf with the same 
properties, and from Proposition 15.15l we again have 

C~^{e~^u}sF + vr*u;y) ^ ^ C{e~^ujsF + 7r*a;y), 

on B X F for all t ^ 0. Then the rest of the argument above goes through, 
and we obtain (j5.70p and (j5.7ip on B x F for the metrics p*'^*u:{t). Since 
T o p is a holomorphic finite covering, these estimates immediately imply 
those for uj{t) on f~^{B). □ 

6. Some open problems 

In this closing section, we collect some well-known open problems on the 
Kahler-Ricci flow (in addition to the conjectures that we have already dis¬ 
cussed in Section 01), related to the material discussed in these notes. 


6.1. Diameter bounds. Diameter bounds for solutions of the Kahler-Ricci 
flow as we approach a singularity are not easy to get. In general we expect: 

Conjecture 6.1. Let X be a compact Kahler manifold and uj{t) a solution 
of the Kahler-Ricci flow dni) defined on a maximal time interval [0, T) with 
T < oo. Then there is a constant C > 0 such that 

diam(A, a;(t)) ^ C, 

for all t E [0, T). 

This conjecture is known in the case when the limiting class [a] = [wq] ~ 
27rci(A) is equal to 7r*[a;y] where vr : A —)• K is the blowup of a compact 
Kahler manifold Y at finitely many distinct point and cuy is a Kahler metric 
on Y, thanks to [69], and this is in fact the general case when n = 2. 
The conjecture is also known when X is Fano and [wq] = Aci(A) for some 
A > 0, since as we mentioned earlier Perelman proved that in this case 
diam(A,u;(f)) ^ C{T — t)^ (see |57j), and it is also proved in [63| for some 
special Fano fibrations (also discussed earlier). 

In the case of infinite time solutions, we expect: 

Conjecture 6.2. Let X he a compact Kahler manifold and uj{t) a solution 
of the Kahler-Ricci flow o defined on [0,oo). Then there is a constant 
C > 0 such that 

diam ^A, | ^ C, 

for all t ^ 0. 
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Recall that the existence of an infinite time solution is equivalent to Kx 
being nef. As mentioned earlier, the Abundance Conjecture for Kahler man¬ 
ifolds would imply that Kx is semiample, so in particular n{X) ^ 0. As¬ 
suming Kx is semiample, if n{X) = 0 then X is Calabi-Yau (by Lemma 
15.4p and we even have that diam(A, a;(t)) ^ C, thanks to Theorem 15.11 If 
k{X) = n then Kx is nef and big, and in this case Conjecture 16.21 is proved 
in [34] when n = 2 and in [75] when n ^ 3 (see also [33] for further progress). 
Lastly, when 0 < k,{X) < n (this is the setup of Theorem 15.511 . Conjecture 
[Q seems to be open even in the case when n = 2, k{X) = 1. 

6.2. Volume growth. The growth of the total volume of V as t ^ oo for 
an infinite time solution is a delicate issue as well. Indeed, the following 
conjecture is equivalent to the Abundance Conjecture in the general Kahler 
case: 

Conjecture 6.3. Let X he a compact Kahler manifold and uj{t) a solution 
of the Kdhler-Ricci flow (ini) defined on [0,oo). Then k{X) ^ 0 and there 
is a eonstant C > 0 such that 

(6.1) ^ Vol(A,a;(t)) ^ 
for all t^O. 

Since the Abundance Conjecture in the Kahler case is now known for 
n ^ 3 by [5], so is this conjecture. Indeed, by the Abundance Conjecture we 
have that Kx is semiample, and then as explained in Section[5]we get a fiber 
space f : X ^ Y onto a normal projective variety of dimension k{X) ^ 0, 
such that = f*L for an ample line bundle L on K. This implies that 
ci(A'x)^ = 0 for all p > k{X), and so 

Yol{X,io{t)) = [ {iOo + 27rtcflKx)r 

Jx 

= ct-W [ A ci(Kx)"W + 

Jx 

where c > 0 and 

A cflKxT^^^ = A rci(L)"W > 0. 

The fact that conversely Conjecture 16.31 implies the Abundance Conjecture 
follows easily from ISIl Theorem 5.5] (which is the extension of [431 Corollary 
6.1.13] to the Kahler case), since (|6.1I1 implies that Kx is abundant (i.e. its 
numerical dimension is equal to k{X)). 

We also have the following simple observation, related to Conjecture 16.31 

Proposition 6.4. Let X be a compact Kahler manifold and ijj{t) a solution 
of the Kdhler-Ricci flow o defined on [0, oo). Then there is a constant 
C > 0 such that 

( 6 . 2 ) 


Xol(X, Lo{t)) ^ C, 
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if and only if X is Calabi- Yau. 


Proof. If X is Calabi-Yau then Vol(Y, a;(t)) is clearly constant. Conversely, 
if (16.21) holds then expanding 

Vol(X,a;(t)) = [ iuo + 27rtci{Kx)r, 

Jx 

we see that we must have 


Jx 


,n-l 

0 


A ci{Kx) = 0. 


Since ci{Kx) is nef, the Khovanskii-Teissier inequality for nef classes (see 

e.g. 


.71—1 


cjg ^Aci(Kx)>l / Wg Aci(Kx)-l ( / Wo 


JX \JX J \JX 

implies that Aci{Kx)^ = 0. The result now follows from the Hodge- 

Riemann bilinear relations on Kahler manifolds, proved in M- Indeed, 
following their notation, we set wi = • • • = oJn-i '■= wq, so that the condition 
fx^o~^ Aci(Rrx) = 0 says that ci(Kx) G while the condition 

fx^o~^ ^ = 0 says that Q(ci(Kx), ci(Kx)) = 0. Since by [TTl 

Theorem A] the bilinear form Q is positive definite on P^J(X), this implies 
that ci(Kx) = 0, and so X is Calabi-Yau. □ 

6.3. Singularity types. Following [37] we say that a solution uj(t) of the 
Kahler-Ricci flow (|l.ip on a compact Kahler manifold X, defined on a max¬ 
imal time interval [0, r),T < oo, develops a type I singularity at time T if 
we have 

sup (T - t)|Rm(a;(t))|^(i) < +oo, 

Xx[0,T) 

and a type Ila singularity if 

sup (T - t)|Rm(a;(t))l^(i) = -hoo. 

Xx[o,r) 

While type I singularities are easy to construct, this is not the case for 
type Ila singularities. The first compact examples, for the Ricci flow on 
Riemannian manifolds, were constructed in [32|. Since these examples are 
not Kahler, this leaves open the following: 

Problem 6.5. Construet a type Ila finite time singularity of the Kdhler- 
Rieci flow on a compact Kahler manifold. 

For example, when X is Fano and [wq] = Aci(Y) for some A > 0, then the 
singularity being type I is equivalent to the curvature remaining uniformly 
bounded for all t ^ 0, after we renormalize the flow to have constant volume 
(the normalized flow exists for all t ^ 0). It seems very likely that there 
exist Fano manifolds where the normalized flow does not have uniformly 
bounded curvature, but no examples have been found yet. 
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On the other hand, in the Fano case Perelman has proved a uniform scalar 
curvature bound (see [57]), which in the unnormalized flow translates to the 
estimate 

(6-3) Rit) ^ 

on X X [0,T). It is not known whether (16.3h holds for all finite time singu¬ 
larities of the Kahler-Ricci flow, but see |92j for partial results. 

We now discuss infinite time solutions, and their singularity types “at 
infinity”. Again following |3Z| we say that a solution u}{t) of the Kahler- 
Ricci flow o on a compact Kahler manifold X, defined for all t ^ 0, 
develops a type III singularity at infinity if we have 

sup t|Rm(u;(t))|^(i) < + 00 , 

X X [0,oo) 

and a type Ilb singularity if 

sup t|Rm(a;(t))|^(i) =-hoo. 

X X [0,oo) 

A simple scaling argument shows that type III is equivalent to the solution 
of the normalized flow having uniformly bounded curvature for all 

t ^ 0, and type lib to its negation. When re = 1 it follows from work of 
Hamilton |36j that all infinite time solutions are type III. In the case of the 
Ricci flow on real 3-dimensional compact Riemannian manifolds, all infinite 
time solutions are type III thanks to [2]. However, in the Kahler case when 
re = 2 there are type Hb solutions. It is enough to take X a K3 surface, and 
u a Ricci-flat Kahler metric on X, which exists thanks to Yau [89]. Then 
Lo cannot be flat since x{^) =24/0, so sup^^^ |Rm(t<;)/ = c > 0. Then 
uj{t) = a; is a static solution of the Kahler-Ricci flow (jl.ip . and 

sup t|Rm(a;(t))/(i) = sup ct = -|-oo, 

Xx[0,oo) tE[0,oo) 

so this solution is type Hb. 

The following theorem was proved in [83]: 

Theorem 6.6. Let X^ he a compact Kahler manifold with Kx semiample, 
and consider a solution of the Kahler-Ricci flow (II.ip (which necessarily 
exists for all positive time). 

(1) Assume k{X) = 0. Then the solution is type III if and only if X is 
a finite unramified quotient of a torus 

(2) Assume n(X) = re. Then the solution is type III if and only if Kx 
is ample 

(3) Assume 0 < k{X) < re, and let Xy he any smooth fiber of the fibration 
f : X ^ Y defined by sections of K®^, for I large. If Xy is not a 
finite unramified quotient of a torus then the solution is type lib, 
while if Xy is a finite unramified quotient of a torus and 5 = 0 (i.e. 
Y is smooth and f is a submersion) then the solution is type III. 
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In particular, in all these cases the singularity type does not depend on the 
initial metric. 

Another proof of (2) was obtained in [33]. This theorem leaves open the 
case when the generic fiber Xy is a finite unramified quotient of a torus, but 
/ is not a submersion everywhere. In this case the solution can be either 
type Ilb or type III, depending on the singularities and multiplicities of the 
fibers contained in S. A complete classification when n = 2 is obtained in 
|83j . where it is also shown that in general dimensions if any component 
of singular fiber is uniruled then the solution is of type lib. It remains to 
understand what happens when no such component is uniruled. 

Considering Theorem 16.61 it is then natural to conjecture: 

Conjecture 6.7. Let X be a compact Kdhler manifold with Kx nef, so 
every solution of the Kdhler-Ricei flow (HTD exists for all positive time. 
Then the singularity type at infinity does not depend on the choice of the 
initial metric wq. 

As mentioned above, this conjecture is only known when n ^ 2, thanks 
to [83]. 
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